... UluK J^lj UjJtj .LUtf, UJ, .Ijgtfj aUiVr cr>U 

. yJWl jjkJl J" j T>t — .j »jJj fjutf i V -UI 

ViM 1 01 ^ (•) ^ J^ 11 ^ J*) <•) vtT ^ ^ 
: >£jiM *>Uju JS" ijljjt iaijl ^Ji « 

, 1 jilt i , ^ l^ijjjij J jlA i> : JWI wUI 
»^^=»jll c^li ta r UiH j/ Jkh ^Wlj Jj^l umUM ^iT J*j 



^•H; (i) j(r) j(t) j(o j^JUl j w-^Ji «;i _ T 

• V-i 5 ^ 1 ^ &j <j**t if 

^.jjJl r lJI i,L^ J (o) jJUl j^L. ^* iiil^ll cjjj^ juI - T 

jii ^J-l j f j »_>bO i\j (©) jJL-l ^.l^" jLil ^« _ 

j-iu «3U J<JDI la,. v L*a !a» ^1 /Si JJb ill j^I ^jj Tj^I 



_ j«> _ 



f & u JkLl\ jTlilM f • * f # 
® M. <j M j J <jjM in. 

(m,)„ JjUT-^i .u-i n m. 

iel 

^eHom(LN r ,N') . <peHom ( M,M') utf'L^ <?<£><(' 

N,M OwUM £r/Utf tfj?^ M <#N 

id 

feHom(M,N)6j^l M/ker f v * j f J jU coim f 

S J ^Ull Ann R (S) 

f e Hom(M ,N) oj^i^-f N/Im f ^ j f J Ji\ co ker f 

M/N J*. M »U*I Jjjllll j»iJI jJ-3 « n 

r aiU-I J? LlU oLLii icU- (M,) iS ! 

iiU- R 

f jTlliW Im f 

M J* ( ^U^ij^XVI )Cttfljdl fcy? End R (M) 
. R > M,N uuUil tr.Uill <>. oXTUUll Uyf Hom K { M.N) 



alj*Ml Z 

A J^H O"^ rad A 

B,A ^jy*B t^ijiS 'i^ 1 A (*y B 

DerL/InnL j*j L J* ^jli-l ' JlE^II out L 

L a* S ^SjU jjJI <J*UI N L (S) 

L ijj* > Ji-UI jUtlVI oll-Ls InnL 

A jji-l Jf JlE^! J-irf d 

A -I B ill! J* A - 1 JJr A/B 

r iJsl; iJ^l j *Jio J 6 A 

J <i y j ix *'•**' x»y 

x„Xf,...,x,, V^f n j cbj^i-l UU- R [ Xl ,x t ,...,x ] 

A®B > o*Tl-dl ic^End R (A B) 

A j^ 1 J* Jl^VI oUJ*i Uy>£. Dcr (A) 

L iij^- J* JE^VI il'UJu 4tj*f- Dcr(L) 




- V - 



J . A . de Siguier jiW ^ jN |M iJS j i demi - gronpe » {J 
. f filaments de la thlorie dcs groupes abstraits i *j\ J* 

L.E.Dikson y^*» <.L_e (Jf i j-jW JL-J J>»- ^ ^ J jt j 

«On semigroups and the general isomorphisms between infinite groaps» 

^.jjH jlUI^JS jw.< \\yi{\* ZuU <j oIju Sj-jll JLm 

' ij-j JL-^ 4-i l^. t»U t^f A.K. Suschkwitsch 



waJIj Sjji.ll s^jll ^ Ji 5 U nt . f l* D. Rees .Uj 

SljJ villi L_JU TjuL. I^lc dUs jll £ ik-JI j.jll JUl J 

«iJI/> • U-lo^l ^5Cx gSb' J^Li^C-^- ^ Uj . LSul 

jCi, Oalajlj ^) ijsi Sj^U m . f Lc 

.Sj-jJi Joj ^1 j lo-iiLl ( Semigroup Forum ) ijjjJI UUJI i^l 
UjjV oi^Ij f ^l! jl j IfliJ-ilj J^ hj£ j ^Jl ^.^j 

• ( »J*j" ij^' Ji J*-^' '-i* i i^le-*' 

< j^tjfZ^^j i ^, j ^ ^{-y J J jjj 

tTheory of generalized groups > 6' j** \\TS (-U j 2— jjlt 

r U*X,j*Vl LitJI LJH jjjl E.Hille »V 

£-* ** Jfc 4 Functional Analysis and Semigroups > ^ 
«:Jj* i JJ»dl Lrvb jil v tOl lj» $ . \ ^ ftV f u r. s . phillips 
R.H. Bruck Uty LJlrifl V UT n « A f U > f . . >3 I| 

Joj }L»i t A survey of binary systems i : u' 
( Semigroups ) titT >^ J ^ xii E. S. Lyapin ^-jjl jLUI Li 

. ^nr pLt ijgUVif tf^j JXij-Vi Litjii lJ-i ^ v r u 

*-l5~ <£i)i < The algebraic theory of semigroups i *l *• f 

1^1 pl» ^ Jj^l < *-5jf? i G. B, Preston j A.H. Clifford i 

• ( W ) 5 j*j" 



JLa) i» jk) tk-w iU-Ju .jUpI ( ^Ct V UI tl» J a y 
j ■ U i-ljjJ 2uj*JI JU^i JtojU-JI Jp ^Tj3l Luu LJU vV 1 

^jj— S *JLi *-*yr _>* ( S ,* ) ( Groupoid ) ^f^jltfUKH 

: lh tfill * ( binary operation ) j^li l t k 

* : SxS-^S ; (x,y ) -»-*(x,y) 
X, y jCill *(x,y) SjjJl JM^I lift 

: ($\ . ^ilj^lki y (semigroup ) (S ,# ) e^JHwi«ai 

yx,y,zeS ( x * y ) * z - x * ( y * z ) 

(> — o dUij * ( jXixfl ) UmJI Tj»j5" ^ £ ] 
LUJI jml. l_;;T ^< x »y y ti,,* X y w^Ci-i < u-UJVl 

U 5j*jll <i iju^;)! J,^ js^ ,j1 La Ji».yj <jf j*^' a* 

* • • • 

3tj Xg X n Xj j 9 X ft (5 S 



( x jL* If. Jf S 0* y 3 ^ n •U* *i x" ( n 6 N ) - 

L^UI ie^** ^» N 6^ ^ 

N- ( 1,2,3, ... } 

N«-{0,1,2,3,...} 

j»j (The cardinal number )S <ej*4' (^aJ«> 4j JUL | S | jIjJEU _ 

. ( order ) S ► j*j>\ v-i«i 4— *? j» » L» 

. Jrfi S Uli jl (S,.) >A .>j>l -i-i J^- - 

: iiW! dJUi: s J^jll Jui IS*. - 

V*,yeS xy„yx 

♦ ^UmJ • uuu I* jty~J 

yieS xe a ex B x 

S J*J ■* — l *j* J ' j c £>L> j^Ift S ul ^ 

• 1 >JV J ^ 1 >i I- iJlij . ( Monoid ) 

V x e S xe — x 

e toU Tj^c ill. ^ S r Lbl tfl J Jp 0^' Jr-" 6* - 
V x eS xe' = e'xax 



: iUJI J*^ ^JuC s i'juju. ^ iiLil dili, £j»U 

V* eS is - si - s 

ll-l j 

. 1 tpLn- Ol> » ^.^J S U { 1 } t>l 

: JjU s> >j)t juIL. lit JJ SjUVI ^1 li» 

s , . ( s ^ ^ s iii 

f s u {i} uut^ du«v s »ii 

vuVj < ^ ^ ^ j^! S Sj-jll JL^ ^fcf lil - 

: ibl Jt* k 
V x e S xk-kx-k 
S j-k+ TjUil J ) fcjL*!^ k tStt 

♦ >*oUi^uu«J S o» J> IT < ( o >JV *J lllij 

w-iij^) Jj^j ^jL^JIjLali j ^UJI j/uaJI li. 

: oi» k'Jk oc»L. >j+.j ^fju. Li y j) ^» 



cfcL- a a 2 - a ^ {a} ybi S^jti ^! dUj 

l—^ijj; ^Jl ^ ( L,u jjrfV s cJlT lii - 

VseS Os-sO-0 

00 = J 

. ji-* Oli \je\* s<x* oli SU {0} Jj-j wi^i > 

: Ji> > SJVjiIJ s° j-jll f .WLJL- U»j 

s ,_ ( s y^ 1 Jp s ^ isi 

\ S u {0} jijf Jp s > ,i ISJ 

: ( j#UI ^a-Jlj tfaU-l ^1 <y jO L-iJl, ) UUJ! oVU-l <>. 

u*l — a (Sl V_, </jl_i ( JaU. ) ,j*.U ^1 ^ s ( \ ) 

. ^ ( tfaU. ) 

tft tf^Y Jf \ J ( l a u ) L.L ^ S (Y) 

• ^ ( (S^f- ) ^-a-e 

jjiV .ydj jLTt J ( Uu ) Uu ^ s (r) 

ill* ^ < L*, ^ULI jti ( t, a u ) L#U 1^ S (i) 



£Lft.j| ^Jal—iV UUi ( jsa'-e- olj _jf c£ab>- ^ajc b j*J .JuaJ 

ote-jl ^al .1*1 jjwl oli 4-1 J| ^iU^ 4-1 js 

. dJLff'ill » ^XaJ ijuU ^ju) 

^._J»^ vt i ) jji U ; j» j G : £iU Je Ik-, Stlli JuJ-U! 

. Syj z — jJ a-Tb\» <^*j ( o - group ) 

t j*tU 4*J$ itJit ; ^JLrti < jiw»M Oii vJIwsm! Jo Jli Li] 

Vx,yeS xy = o 

V x, yeS xy = x 

V x »y eS xy = y 

^ S - A xB j uuJU. j*e «>*,*f B J A 

: s jp at* 

<a,b)(a' ,b')«<a,b' ) a.a'eA j b.b'eB 



. ( rectangular band ) 3 Ua7 «i « * < U . rtf . S »-» y 

jJlT < ijl-J ItJLo JLai y» S ul » | B | - 1 £>lf 1*1 

. i-JLx l» jLa ^ajxj ^ S oi* | A | — 1 

w^C i s Jj-j ^ cy o^'Jr Bja J*p - 

AB- {ab aeAjbeB} 

VA,B,CcS (AB)C»A(BC) 

IT < crl^ i! c tf V J j~ ^ Al A, _ A n JUI 6 U ibtj 

. • — , AAA , AA ^UJU jU^-l VI V *U , A',A» jj-jll & 

Ab U b > A {b} cf k>* Ab liU .B = {b} bj^'* Uc^jT 

. A {b} U {b} ^ 

a * a 0i» < V 1 "*- f -r^* ^V S m j a ^\ - 

: XJUM jy>}\ fJ *:J ^ij- UJI . UJI 311-1 j Sa V *^'V 

Sa U a J* 3VjJJ S'a 

aU aS £ 51V J aS 1 

aUaSUSaUSaS J* i)VjJJ S 1 aS» 

i_Jj^. a^*f S^aS^aS 1 JS»a «y *T ^ f^. jj* s» k> 

. ( i jiU-l j^JI tf^V $\ ) S <>• 



V a e S aS - Sa - S 

a^J ^ -»yd\ ^ li* J t * . VJ y .U 

< IV ) f U o^yil J.Picrpont Ji/J oi ^jji <jf 

: ^ G S^jJ! < J, |f bUAk^ «^ jui ^JJij 

( a e e G )( ya eG) ( ae -ea-a ) ( r 
( V a e G ) ( g a' eG ) { aa' - a'a - e ) ( r 

<jl ^ Jill j WO fie jjllll L. E. Dikson |f 

: ^» G 

5 J* j ( \ 

( gc eG ) ( ya eG ) ( ac - a ) ( Y 
(V«£G)(aa'6G)(aa'-e) ( f 

( ge eG)( ya eG)(ea« a) { y 
v V a eG ) ( ga' eG ) ( a'a - e ) ( f 
H.Weber <*i!l S r jll Weber - Huntington Juy5 

: G (J j*j f lt E.V.Huntington <U«j fl* 

(Va,b6G)( a x,yeG)(ax-b Jya-b) ( y 
~ VI - 



0) <y-j* 

. G i r $ kXUI huJiS JujLJI <j* jsi 

n > juu 

: it^Ul j^tlj („eN° ) U L*J» TaJ* n /X) 

§"{0,1,2 , n-1} 

( Sj.s.eS) s 1 + s, ui : J. ^ S J* * IJUJI J/lj 

s i* s «-SiS|(mod n) tfi . n Je Sl . % s i+J ^ 

.(Si^jU) . LLxJ ; r j JUJ (Sj .) £,] J*.* d ] J^l ^ 

(T) JU* 

• » 

<Y)JUU 

J ) S > UtJi * LLJI JjJ, 0^y<a J <C x < a 
f, (x.y)^f,(x,y) <><J : ( U^jJI oVaUl ijtf j U Tjj» 

a 

f iU,y)«fi(x,y)- J f^(x f t)£(t,y)dt 



: Jtil J* fo||.J 

: ^.-iijlfl »i* J* iJtJ * UmJ! . o <x<oo 

: f,(x)Jf 1 (x) £_Sls £,1 

f t (x)*f«(x)= I f 1 (t).f,(x-t) dt 

o 

Vi-^ 3 *J*j ( S, » ) 
: jCiJI ^ J" t Jl+ zJ^\ 



OO 



A = S a k x k , B - £ b k x k A,B e S 

k=l k=i 



A * B = £ a k ( 2 b, xi ) 



( V a eS - {0} ) ( aS = Sa =• S ) 

05C ^ 4 — lij a G-Ga-G uj» S-G° IS] : ± j3 ^y) 

. G-S- {0} sL-f aeG 

Sa-GaUO J aS-aGuo 

( yaeG)(aS-Sa-S) 

(yaeS-{o})(aS-Sa-S) 

. S a* 5-SJ-- G - S -{0} i>>^j 

• I S |> l <jV G^ij) ui 

ab-0 t>!» t*L* abeO <jt» cf^f Cts*'** a ,beG ^CJ 

S* = SS - ( Sa ) ( bS ) -= S ( ab ) S = SoS - {0} 

~ U - 



S « a S c S 2 - {0} 
. | S |>1 J»j&\ £» jaUii j*j S- {0} tft 
: ji»aeG ^ j\ , UuJ L-i)l, Zili- G JUIW, 

GacG j aGcG 
: Jtllfj aGcG «^iT { Uj , a G = G *! &jd 

aS o a(G Uo) - aG U <= S 
aG- G i^lfj . Jite aeG 6T ^ aS^S of tfl 

. aeG \ff» 
V ; G Oi] . a e G ^ 1^ G a - G 6 f ALjU\ ^ j 

D >*" S yli i'-JVj S 

< 1 ) ubytf 

S a* T aJU-I A LSjtl fc^l U .>j JL« ( S, • ) cJIT 

lil rfl * * *-U*fl L-ifL oJIT lil S a- • j*j uL« ^*aJ 

: -kr* J* 

(VX,y6T) (x «y eT) 
^ fJ ^ ,>-U^ J,^| IJu ^ judl ^ 

: ulT lil S <>* iJ^ i r j J^i t ^1 JjlS 
T J cT 

{!>.»{•> ol IT ( lu ) S 6* V> »>J S ui 



( V a e T ) ( a T -Ta = T ) 

( T ) tf-j* 

Oli ; j*j JL^ s ±X lil T il J <>^V j a ^ H <^ Cf j& 

. |T|>1 j> 

( v ) 

ill. lil C\ ±J\ 



: jCfcUl lU* x, y e S Ji^l *)1 a , be S t>^£ 

x b ~ a J by -a 

<*■* — *i J^" •*» b ^ a ^jo^ll <jrO* jJ <>. <;1 J £C*ll <>• 
. S J adaUl jsi y ji x Jif ui *t tfl t jci>U\ 

lii S <>• a y^»8 tJUfcjU— »IS S 5j-jll JUi a* b j^J' 

: x 6 S j>aU J*, j 

x b = a 

yeS lil S a -r ^ hJ^l^M b 

: 

by s a 

b J* JfeJDIJjb a Oi i Jjii UlU a ^ Ui b of 

6* b J? JJb a oi » a ^4 t jL tc-tf b ulT 'iij 

. i jLJI 

: o] ♦ s 

r - r (o) ~ w - 



B - { b e-S :bS - Sb - S } 
»lA B Ji,^ e l^Ui < TjJ/^ S ~ T 

cS - Se-S 

. B 7^ <f> Jbt^ 

Jl — % * B J| b 6 S j^ue 4>jj B^4» ^Jif \i\ _ v 

: x.yeS 4Jli y a eS 

bx-a J y b-a 

be-b j c'b-b 

ae - ybc «= yb = a 
e'a =- e'bx abx = a 

: y-iL U*_, S j tfjL, j a U os i e 

. S i£aLa- e - e' 

**■ » 

b x b,S -^(b, S )-b,S -S 
Sb.bj-f S b^b,- Sb,-S 

- 1A ~ 



: cj50j S j e (S*{?- j** B^iji oi 

cS - S e - S 

. ceB tii 

: b',b»eS -Wj, <iU b e B e eS <>1 U 

e = bb' e -b*b 

b* b b' = b' b b' 
cb' = b'e 

it J 

b' = h" 

i>\ f 

S = eS c b'bS„b'S 
S -Se^Sbb'-Sb' 

• S Uj*. B il'JVj . b'eB Til 

- n - 



: x eS ^ a eS ^ . c 2 , q e C yt 

c,= ax 

. jLJl^cjCj i- — ill JJi a <jl — » ^tJljj c 1 c 2 = a(xc,) tft 

il — "J\,j ( juJI c,c, > JJb a cjT C-Ji iijU ^J* 

- cj Cj e C 

. CcS 6^ G J iii* 

: S j w,v,u ^ C jl c s j c t it le 

u c, 2 = c, j c, 1 v = c a J d= c t w 

: 

a c, =* u c 2 c 4 V — C 2 V 

: JUL, 

C, ( C,V J d )- ( C, 2 V )( V Cj ) = d v c x - u c, c t - U C, C t W - Cg w = c A 

• S j c 2 y - Cj SbUi) J»- c, v 3 q - y j,*i»JI jjt 
S i jb J. — as S ^ LjJ . y 6 c ^jj^ 1 

: £>1 ^ 

c, = s a c," ab 

: JUlj 

y = a b v 2 s a = a(bv 2 sa) = (abv 2 s)a 

. yeC tft 

. x e C 



T 



D s 



(0 a-La^ 
» j»j uuai c£L» til 

: ^ S i y s , Yl , x> , x t S (j* h J a. 1^ 

a-^g J a =a gy 1 j g = x 2 b j g=by a 

a =» x x Xj b J a = b y t y x 
: (jdaLit J»- y = y, yi j x = x t x a <jt <S \ 
a = x b J a = by 

D 5/j s aj» JtfWj 

S«= G^G, < >CJ J . G^G,-* t>3 j- j G a J G x ^ 

Ut. <j ^ a b 6[» ( G s j\ G, ) JJ^Ij ; r j <>• bja 

: ol» beG,JaeGj cJ|T »Sj 
ab «= ba = b 



aS - a ( G, u G, ) - a G t u a G 2 -G, u G, - S 
S a- ( G x U G, ) a - G t a u G, a - Gx U G a - S 

: ^ x ,y e S J^-jj *iU f e S o<i W*J b eG, <>*o ^ «il f 

xs=b -> sy — b 

. S «j jdaLil J> x-y»b ^.U seG, K\ U 

: U} 

C = G, j B - G, 

( % ) «Jbj« 

txJ* <p: S-*S' (jCI, < jjJ^j ^i-i ( S',. )■» (S„ ) 

: Jbl J^t Jfc. lil ( homomorphism ) *}TU3r cp j*S> Uli 
ViJeS <p (x * y ) = <p(x) . <p(y) 

Vx.yeS <p(xy) = <p(x)<p(y) 

. rnonomorphism « Utf»f ySXJZ )) »tjeA LLL. <p $ \i\ 

isomorphism (( LSMj *Vflu£? jt'itfW)) <p £>|f ijlj 

«UU^U>bm^J)) ^tju <p JfLi^l oi • S-S' olf 

. cndomorphism 

- H - 



. automorphism (( tJtt ^f?W? )) S-S' j cp itf 

olTU] homomorphic <<6tdtfL£L»)> ^! ^(S).»S 

. S ~ <p (S) dUj , *5~LL3 <p 

&l — i <p £(f 1*1 isomorphic (( #-,7fiU7,i» » Ic^t S'jS J^j 

. S « S ' J-jll ^ jujj 

• S ' U* ^jr'SJ J* f(S) 6}» S' 

:<Y> Jtu 

V A,BeS AnBeS 

. J<DI IJL* s ; r j ^ Ji'Uc 
(o) 

- IT - 



<$] . e e E J* 

A e = eEfl Ee = eE 

. ( iJUxJ E ) 

: £>U f e E ufc" l^i ^ ^'-jll a* 
A ef cA,nA f 

J^b z « aef-efa i^ aeE ^ a^j, ^ifc X eA ef 6^] 

• [xeEf B A, j X6cE = A e 

a, b e E u\j+± — » xeA e n A f k-»> < y 
X _ a e « ea , x » f b = b f 

x = x J = aebf = (ab)(ef) = (ef)(ab)eA ef 
A. n A t - A ef 
S-(icE: eeE} 

<p : E-»*S J e-^A e 
: 0i» f,eeE ^ ^ vti JTLU <p 6 j 

- Yi - 



<p (cf ) = A er - A e n A f - <p ( e ) n <p (f ) 

<p (e) » <p(f) Ae «A f (i) 
E d> yjg ul^U 4j| ^ f» «f e Af ^ e 2 = e 6 A e ^50 

• 

e - 8 f j f - y e 

c = gye ^ f-ygf 

c = gye = gygf = gy f = f 
eeE iUllj A-Ae ^ eeE Jb-ji AeS tfZ^ (ii) 

A — (j> (c ) s! 

<UU1 O^ai S^juuai uui 

The full transformation semigronp 

(o) uujdr 

. A l*y«JS ^H13»" <p : A A illoJI 

• * (A) >jll A Ujjk JT Ujjk > ^ 

— lo — 



( o ) 

|#(A)|-m» 3 |£( A )|-m! 

k>4 ^(A) o^b^s^j Ji^ii s ;^j^^*<p $Tlu 

. ( jt ) JIjjl. s ; ^i-J U-JUy a 

.faithful representation « tirff *M~Uj )) » jtJLLJ toU ^TLU ^ ^If 1*1 

p. : S -^S j x-»-xa a 6 S 

X. : S S jx-^ax 
S a JjliU S i JUJ (( yfc>Ult ^jL-J1 olau-JVI W^ju 

*— £3r J J*J { Xa:aeS } j { p. : a e S } 6 T ^ 



pi Pb — p 6 * 
X» Xb <» X»b 



(A) uuj« 

9 : S-^^(S) J a X. 
^ : S -*£(S ) J a-* p. 

.j*^ i ju s» jj-jn wi-J L.Uij ^bs <j) uir 

• k>3 (>*f JJS 

jrfjuc JS' 1^ « ^^LtaMji iJI J2>1 )) S * c ^fiJi3 
^afc ax -ay 6|» VaeS jyx,yeS ^1 ) jLJI^ jU&>ti J*li S 

. (<iCJu*n<Lnj^.vt)) o > jyt- iijkj . ( x-y 



♦ ( U>ljPf ) IgoUsu y**J ju1» ^alc 
. S - S 1 J a - 1 ftji ba«b tS^sw S ^bja CoTT U] (1) 

uur s j^tf s «ju*3 ydiwi jjjum jom <r> 

: ou^ji 

i a 2 — * j4 5 j*j JL-J s _J u^yi : J, p\ fJ jl 

. gf-gh ^ g^feS . 1^ 

itltj < ^ g/3 . gf(j0 =gh(x) uli X6A $C W* «i 

f(x) - h (x) yxeA 

. ijU XJly.il s itlkj . f-h Jl IJU, 
: £>J» S J TjuU T j^a (p jlf lij 
V x e A <p <p (x) = <j> (x) 

: ^jJ (p. i 'kM* > <p e S ^JC 
cp (x) - x yxeA 

iliT ^Ujr a* (r) j (y) j 0) ^Jf < u-J TjuU 



b a 5 « b» iSJ^ ba -b ^ S o* kx ^ b -> a ^ (y) 

. ( 2Jlj£l S 6^ ) a J =a u J il <p>. 

. ( l^iUf TjuU T^-su* dis^ S 6^ ) a = l 

. s-s» 6^ . toU Tj-u S iW^j 

S t>* c , b , a j-»U* 3J5LJ fjU* J J*jL}j S j^S 1 



a=?£ b -> ca = c b 

. ceS Jtltj c^i iJxt 
Jldlj , I** S b 3 a u ^ 6^ C^i ^ ** J^. j**"' s o ■ « 

b^l £• c-cb u^i a-l j beS 

. 0^ <p i>U . s ^IkJI JJU^I iJK- 

•* X, (x) - X, (y) ^ a eS _j x , y e S > ^ Ul 

ax — ay 



> ( aeS i ^ ) X. t>t rft . (Y) i .U- x - y Jt^ 

V >U JU ^1 S £,1 (f) J (T) J (1) ^ E=l 

: ctf lil S J W^^oU-mSI)) *T S ij-j JL«d o Jij^ ^ J>t 

x.p (y) = p ( x y ) 

. x , y e S dH 

Ui s J«^jU-eyu«j!)) «;! s ; r j ^ x ^ & J A, 

X (x) . y - X ( x y ) 

. x , y e S ^3 ^ cfAli j 

yx,yeS , x . X ( y ) - p (x) . y 

(A) 

• O^jr* p. j X. (j^-d 1 juU-iVi <jl 

(V) 

a e S ^Jj < S uLo3 ^Ujj ^btu^n p ■* X 



X X a - X i(a) J o p a - p p(a) 

X. A - A p(a) P a P "* P* (a) 

: 6.U x eS <>& W* 
X X, (x)« X < »x )- X ( a ) . x - X Ma) W 
p p. (x) - p ( xa ) - x p ( a ) - p p (t) (x) 
>i» S <>• x £*C ^ ^Li ^Iki Jj, p j X J J» 

x» xoo - Xa c x <x) ) - * x(x> = p ( a ).x= x^oo: 

p . p (x) - p a ( p (x) ) - p (x) . a = x . X (a ) =' p m (x) 

U-Jl JT £>U toU- dUx S 5 wi«i »iJfcr li] *i T w-it 

• ^» j» s 
(A) 

<p : S ^(A) 

X, : S 1 S 1 j x a x a eS 

: ^Jt 4^ X.**(A) 
- T1 - 



<p:S-^ ^(A)ia-^Xa 

: ui» v a , b e S <>*f i>Ll» <p Cj[ 
<p(a) = <p(b) => Xa = Xb 

V^S> X. (x) = Xb (x) =*> a x = b x 

al = bl ^ a ■ b JWtj leS 1 Jti 

X. Xd (x) = Xa ( bx ) = a b X = Xab (x) 

X» Xb == Xab 

<p(a)<p (b) - 9 (ab) 

0) 4a>M» 

. » jl — J V Gayley 0» >c «JLJ! Jjuju IcajvII eJU 

o*,^! ; r j ^ 9(A) ( LIU- j« a <>£3 

: <jl o-Jl t A 

<J> ( A ) 2 cp ( A) 



p-l* ^ jA< ( \ ) 

<P = <|/ g 

<p (A) = ^g(A) <= ^(A) 
y 6 ^ (A) ui» V y e <p (A) ^ (A) 2 <p (A) i>j/b (y) 

y _ cp (x) e <|> ( a ) 

y = (u) u e A Jb-j. xeA ^ tjrT 

h : A-»-A 

h (x) = u £U y - ,J, ( u ) lil ^ 

if; h (x) - tf, ( u ) - y - <p (x) v x eA 
<|/ h <-= <p 

JjfcJI .l^l oi— i ^ (T,.) j ( S. # ) jJlT li] 

. ( Cartesian protract ) 
SXT- { ( s, t ) : s e S , t gT } 

T - f (o) ^pJI — TT — 



(», t) (s' , t') - (s *s',t,t') 

. T , S jw ^ jfl 

JStc j^IT Jaiij til e a-k-* -L-at JJii S Sj*j|l J>^> q\ oJ! 

. i j*j j it jL-/ » j yJLU *IjljUI 

Sj«j vJ-oi j A ijlw iy.* » j*j .»J«J j-iUI »UjL-! JS S 

: «5U S ss AXB tf! B 
(V a,a'eA) ( yb.b'eB) [ (a,b) ( a',b') - { aa',bb') - (a,b') ] 

. 3,k . * Let AXB o|» i^Vj 

JUJjJU! **jJU* JJlx b £>t j>»jcii < E JJis S 

' ( U^J-f B , A ) E = A X B ^1 

( y a,a' e A ) ( y b,b' e B ) [ ( a,b ) ( a',b' ) - ( a,b' )] 

: "M JLLJ a £ ^yd 

- U - 



( v a.a' e A )( a a' - a ) 

: Ubl U*.H B J* ^JyCij 
(Vb,b' eB) ( bb' = b' } 

: jJaJi £±^1 f 
f : AX B A X B ; ( a,b ) ( a,b ) 
^A-aJ jllil »'jl.U »JZL-Aj E-AXB *iik- <pJI 

AXB owj-j" 

f t(a,b)(a',b')]-(p(a,b')-(a,b') 

<p ( a,b) <p ( a',b' ) « ( a,b ) ( a',b' ) - ( a,b' ) 
<^ J^j JjUu Jjik. jJa3 w~f> . J5"UL3 <p Tij 

. JII i 

Cyclic semigroup 0jH>(l1 » j» jfl uLrft* V — 1 — 1 

B 3 — ui • S S r j ^ <y *Jli j4 Uj* Xcyf a 

A u* _r»^ »' J*-*' V* o*^ J n b e S j^LJI Jf <y ttljLi 

O* i+Jiy *-S 5 j» j ^ B J>ii . S iJ j*. i j» j 

B = <A> 

A " { a i » a * f > a m ) f S o* h.j*7 A lajj li* 

-To - 



B = < a l , a 2 , — , a ra > 
: jCtll a l+Mj* y ^ B » JL*', & lot) j~*J ^jCx 
B = < A > - A u AAu AAA u 

<< A >> . <A > 
: £>U A 1 c A 2 ^IlfliJ (r) 
< A, > s < A 2 > 

y»j uil^it <Uj** { K t ; iel } j 5j*j S U| «*f ^ 

: £i!» S ^ V-fc" 

n k, 

iel 

( A <$A S ) A J* S a* ^ji-l j-jM viUl JT 

: U jl3 s ^» J-Jj^ • yj ^» B 

. BcK 0l» A S Ufr 5 j*j Juu K ^if U| (r) 

. { dUi £>• ) a <5j* j*-^ B id 

- n - 



. S t > iJU. 

r j\ JUi Jf £_.Ui5 B ^IT li] B-<A> J ^ 

. A J* ijli-l S ^ LfjU 

< A> c=B 

: ol» B wjuj-J Jllltj a s < A > tfj*-^ a* 

Bc< A> 

R - <A> 

. B-<A> » 

^^rf Jllilj < A > * A c£_j«»j S j>* 5j*j ol 

J tfl « A tSs* s <y ^yr » W ^ B J ^. laC»j B 

. A (Si* J« S a* SJ ji-l oUl Jf B 

- rv - 



. S oliy v * A uU S-< A> 

(Y) ^>>^U 

S . Jf\ /\ iJL <J j oloT,, dlii J^j ^ JT 

lil— i S J oU r AcS cJlT lij ^ ^r, »o»j < S 

. I.^j s J JoJj- vr* A rfji S a* Uj* 

oj» Itj^. 4^ jjl jaLU Uj»Jt\ j\ irreducible generating set 

. S j 

of -A-^j ij-jii .J-:) ;jJj* is.y>&. i\ & tou^iiL^ J^i^ 

sJjll oU^I t Ji-* u> U ju* t*, . iji^i oloJ^li J] 

. dUi, ^ idt 
: </>) jlju 

- TA - 



: uU A <j» 

3n^2n dlU . S J oljJ_,- A'-A-{n) 

n A' t>» j-ol-* «U*T ^UlUj ( n t^-; A <j* * ,Jk ^ 

. A'c=A £• S=<A'> 3n j 2n J 1 iJ JliU ^.UII <f 

(U) uwjw" 

< a > = { a , a J , a 1 , } = { a' : n e N 1 

. a »J3 y> S o* •■AjA • j*i I* S o* '^JT » j* j — *^ 

Monogenic semigroup Jljlt • j*L> I* t>*J.>i.l olj 

. < a> JjtjjJI 
ft) 

S - <a> £f <a Ujdj»»jV*J»j^uuA* S ^_SoJ 

(r<!)s,r0^i^^jti;J^jtt]i(H>< a > O) 

. a r - a' 

(N,+ ) i^J«UL^^^<-U^^ <a> cJtfttl (t) 



^ ( r < s ) s , r ^ J*j& : fsj ( \ ) 



-r = a r a j m = s — r Jf> 

iX lij a B J a m * r =a r S ! jUI ,>> Ojil dUi uM ) 

. ( ij» k— 1 

: jSCll\; CitT ^.Cai ,>i n>s neN <j^J 

n — s«X™ + {A 

n - (X+l)m + r + ji. 

p. J \ vi—»- 

0<{A<3m j X^O 

> <!);* s slJfcT b) 

a* = a^* 1)!n+r . a M = a r . a* 1 = a r+| * 

: (J^j s > r + m > r + p. 
a e { a , a J , a r , ... , a r * m -l } 



. r -f m~ 1 UjU ,y : Jj s t+l* < a > 

S - { a , a 2 , ... , a 8 ~l } 
jr^e j, — ,V Jityj <a > _i j*J w.-^ < a > a a* u\ 

{ a, a 2 , ... , a 8 "l } 
a'-a* ^ ( r < s ) r e N <y> 4,7 a' tf^L, ^ 

: J--kll ^kaJi i^u, <a> c^S" lij (f) 
(p:<a>-*N>a n -».n 

* t* ^"r^' 1 • yj (N,+) 

cp { a*i ) - <p ( a n 2 ) a, « n, => a°i - a n 2 

. a" € <a> 6l» y» e N f 

<j>(a"i .a" 2 ) = <p ( a a i+ B 2 ) = + n 2 m <p ( a"i ) + cp ( a** ) 

(1) 

ujLjL-L. jui „ty Jiii* jwV J* <a> <£ cJlf U» (r) 



S-{a,a a ,...,a r f ...aH-i-l} 

J>C jl a j>> ^ m 1^ a J--b ^ r ol* a r+m = a r ^ 

. (period ) < a > Jj*j ( index ) < a > JJ* 

(T) 4i>tt» 

: <j! *i^>t 

r I jLk lyV* Sjlja i^-j Jl«i r , meN ^. If* (0 

. m Ujjsj 

JJjJI ^JK -\JL & Ul i*S»j t>— -b'j* Ow>j J 51 * 3 (T) 

S = { 1,2,... ,r, ... ,r + «o — 1 } ii. 

r + m > x + y 1*1 x + y 

r + m^x + y ^JIT r+( x + y — r )mo«i m 

. S JJUc m j^Nj r JJjH oli T-<a> J ^ f 

w n - 




01) oo** 

: Ji ( •••• r , f +m -l } J* J a J^«^ ^ 

a / 1 2 r " r+m — 2 r+m— 1 
^ l 2 3 r+1 r + m — 1 r ' 

t ^iU liL . m j r lfiJ:> »j' ji 5 j*j *j^M <a> <^ «^-*^ 

:<^niU^ r l^^^S^^j^S^uUw <a> ^ 

K a = { a r , a r +i , , a r+m -l } 

: 6l» v> r ja>r ^--^ v jn oL^-W uiaJuJt j5C Icy. 

a n . a v - a u+v - a r + f,+i,n - a r+! * eK, 
a n = a ¥ 

( u — v ) eO mod m <jU 

u - r + Xi n» + {At 
v - r + Xs m + |A.« 



- If 



r 

a 

r + p, <r+m j r + < r 4- m 
r + |H, - r + ^ 

u — v ss mod m t j} 

J juU- e — a" 
n hb o mod m<?(2u-n)s0 mod m <*= e* = e 

a\ a fcm = a x4km - a* 

K 9 a* K a* a x ^ W*-> 

a*.a y = e 



a" 



- u - 



rft rf^V ^ 4^ jri <a> ^r^l *t 4iUl i U oil 
. J**) ^ fj-* $A ^ H V> s ->*j ^ s 

: oli s i/j a* ^ J**** 6 c -- '4 

eS - { a e S :ea-a} ^ j 
S e ~ { a e S : a e = a } ( T ) 
eSc= {aeS : a e ■= c a - a } ( f ) 
c Sc = eS n Se 

: J^b a » ex ^xeS <:U yaeeS (\) 

ea s e* x m ex — a 
(yae Se)(gxeS)(a-xc) => ae-xe'-xe - a { T ) 
( v a s eSe )(gxeS ) ( ae - xc) =*> ea-ae-a { f } 

a € e S n Se c a - a e = a <=> a 6 eS e 

Se n cS = eSe 
ICli c JliL-^ cSc^^^U- eSe^ ^ J-T 



♦ e s 0* ¥j* H * ( 1 

( dlU <>* Ji* ) e tfaU. S &» ISy* I j» j wi-ai e Se ( ) ) 

x,y eeSe of 

xy = yx=e 

: a! ii U^t . e e H e <jli dll.iT H e *JjyJ x , y e H e £>!» 

: u' , v' eH e ^ o,veH e 

w' = v'v-e j un'-u'n-e 

(uv) (v'u') = ( v'u' ) (uv) - e 

: s cr V>}* g J»ji> (r) 
G n H e y£ 4» 

h j G £ a jUii g j a e G n H e <>*CJ G aL-». f J* j» 

: u! He j a 
e = ha — haf = cf = cag s ag = f 
: ui-» H e *. — »*j .. GceSe t^-^j G tfaL-*- ^* e Ti| 

G C H e 

_ n - 



o jaj ($\ j iiJ*. ;1 y£. t ^Cj |i lii S «i maximal subgroup 

. S £ (Sj*-^ 

Ot) **** 

S jy» <yjaft • yjll He ,>Julj < e -U» Ob » j#J uuw S 

s ^^^syiHe (V 

f H f JSuiil S ^ G ^Jit 3Jj> Byii ^1 ( t 

♦ <; (jp^ 

H e jrf S a* j^ke j~ 5 j*j G jjCJ 
G =H. <= GcH e <*= GflH e ^<t> <*= G 2 H e t>i ( 1 ) 

• ^ V> V-> h ^ 

feG nH f G n H f ^4> aji f ^sU ^ G (t) 

: Jldlj U y ^^Jift s^j g {£i . G c Hf Tij 

G = H f 



U] (e^f)S j ujJul.. crj-a^ fje 
H„nH f = <f> 
: c)^J H e nH f ^<t> -Li> jJ 4;! dlli 
H <r H j II c H. 
. J» JA 4j<s»U* e - f <^**1 ^* J 

H =»H f Ji% 

. < a > (| 4-1 » j K a «^-*^ 

Periodic Semigroups j» jfl % — 1 — 1 

Jul 

: i>l» IJLj . S Cx* <a> Jj'js 

S = u <a> 

. (asS)<a> U}M 

(IV) uuyu 

. X.pu {aeS)<a> JjM 1 



00 

i-^ Sjlja <a> 
<a> = { a,a 3 a" } 

r-l ^11% a" +1 «a yltll^ a » l^U 

^1 tfl K, -<a> r=sl ^ ijj* i y> j <a> (t) 

• ""j-j <a> 

<1T) 

ijLJl Ujtf.'SM Jj-jfl Ufli j jl^/ Juli-l j^lJI e ^ (?) 

Ui. m jjij r J — l,JU ^Jtlt* < a > aeS Cj^.W* • s 



: Oi* r>l ,j1 ^J*. IjLiy 



a r+ » - a r 



a . a r+m-l „ a aI -l 
a r+m-l _ a r_l 

<>* 4 — <a> r- l Til . m jr ^jmi JJLi \Jm ^ j 

• y^b ( S j JL^II ju'i-l c uV ) e IfiiU S 
ea«ae-a y aeS 

<a> i jjb; ae<a> 4 — tiT . s rfil> e juU-U 

. 5/j S ^ ^ . S .J Jl% 

at) 

. ji. Jal* jtfl a ^ , £,T SJbl j 

( j*-"- ) J^-l* ^ ijL, iyj ^ (N«,+ ) Oi 

^•j < ( j4.»» ) o-^j o_*U j^ie L,j < iji-JI S 5j.jll ^i-J 



on jk* 

OjlU L.Ju£ (S,*) ^ilj f lkJ i i^*^ 1 i-* 1 ^' lt* J**^ oi 

.Liu, till *>U jCiu < s Lf:* if^f Jp * JiU! J-<-ll« 

j*Lj, ( • jll l^ill ) To-- Sf- jOU> jLii^ UUM iljiJI 

W»j . «Uft ^1 jl^o- * fj*. jrua» jyj, L#li-i & ^ 

4j! jj^ il < jjvi li» j < ae S <X ch"^ <>* 

r lkJI olJ ja 3 — j^tu a if t>* jU-l j\ j£ 

. S yikjl 

j-* JT Jt 1 ) Ji ^ s Jp Jib jyli JjJ 

: ( ae S 

7Ty-x*(a*v) x.yes 
x_Ly-(**»)*y x, yeS 

CAkl < lilidijlai * (S,*) i ili* i^*^ 1 i-* 1 *"' J 

. aeS iM* f J»-t JL j T 

_ _ 



W w ^j-^t H kr 4 '^.M 4 V* u ^ ; j 5 ^ 1 * 

. i r JT j Wjlk.^T ^ jtjlj aeS j-* dUS, j. T 

U~JI J^J Jjoi-I ^ 3^- *JU J^J-I ^ T U-JI Jj^. oi 

. Jj-^-i i aj a^ju yeS $ zy* Jjui J * 

f ( 5b T J ) UJ, Slj^ 6' u* 5 ^. Jf < _L 'J >Tj 

J-^l i x„aeS jk- £* JjjkU hi* j xeS Jf jk- oj& 

J *— Jjl' S ^»Uc jk. JIjuU tju jL^-VI jli! i J^JI J^ 
^U*^ JjjlJ * J,4lj a T U^UH (ja^Jtl JjjJ-i J*t 

• * Jj-^ 1 4 a T ujtol <>»-»^l JjjA-I jU» Ujll s 

x #a j*± Jf* . y ^ y J^jJU j * J^l 

. t J>H 

at) ju» 



a 
b 
c 
d 
e 



a 
a 
a 
d 
d 



a 

b 
c 
d 
e 



a 
c 
b 
d 
c 



d 
d 
d 

a 
a 



d 
d 
d 
a 
a 



: 0^ S oljJ y> icy? ^» A-{c,e} ** j[ 
d = c,e , b = c J , a = e* 



Tc 


a 


c 


b 


d 


d 


Te 


d 


e 


e 


a 


a 


a 


a 


a 


a 


d 


d 


d 


d 


d 


d 


a 


a 


c 


a 


c 


b 


d 


d 


d 


d 


d 


d 


a 


a 


b 


a 


b 


c 


d 


d 


d 


d 


d 


d 


a 


a 


d 


d 


d 


d 


a 


a 


a 


a 


a 


a 


d 


d 


c 


d 


c 


e 


a 


a 


a 


a 


a 


a 


d 


d 



: y»j J^l JjJti-1 a» c j*-^ btj^ c JjJ*> kit J»-V 

a c b d d 

a c b d c 

& *j* fd >j* f c >j* f Jj4 ! t>* a ^ JtU fcU f 



f d J*~ f b jk- jJ <\* J^ 1 JjoA-l j Oji ^ c jL. 

. J***! JjU-l j U fclill J-Si! ii.lL. jk-^l *i* 6 ! e >- 

uL L5U c, c <>)>^iu* c-Jl. J-»U j,lkJl $1 U oVlj 

. ij-j ^ ^ ( s , . ) ^-ilji f lkJl 

. s oIjJ^U^ a* a ^ J J ^ j, s 

x(ay)-(xa)y V*,y eS j yaeA 

: x,yeS ^ ^ *t ^uj a ,beA 
x (ay) = (xa) y j x (by) = (xb) y 

x((ab)y) t x ( a (by)) 
= (xa)(by) 
= ((xa)b)y 
= (x(ab))y 



ab u!» S jJCt A ilT £• i^l* a ,beA 1*1 ^ <i 

OijJ^. i A ^! ■ s ^ £■ J 1 ^ A cr* 

(xy)z = x (yz) V x »y > ze s 



# • ♦ 



: Jil — - ip^ ^jl 
: JjU i*^ ( r ) 

. dlUT ^ s« <jU OjU.i j^j s zX v>\ _ T 

S oi» |S| >1 £• ijLj ijL# Sj.j s ^£3 _v 

■ Jj^J S Sj-j *-U> <i U T^ac a tfZj (r) 
A = { xeS : axa = a } 
kjt* ^ Aa[aA] ui> A^<J> J^IS" lij *il juJi 

: j^Jj Lilj LU±i S <><J (I) 
A = { aeS : x(ay) = (xa) y ; VX,ye S } 

. s o* if > j*j a <jl x _ T 



: Jil* **«•» J^-JT (•) 
T-uU. \^ JS^J a « ;y 4) S ioj* J j Ua) <>* a ^ JT - T 

S 

( yaeS )( aneN)( a . a" - a" ) 
• u^** Vjf s ^*i *J*1 ^ £»i - V 

.So* Vj*- iyj v » X) y 6 S ^* iDjj a (xy) - (ax)y 

J^. S J v ^ ^U-JI JT oi» S*«S ±-4 S r j ^ S ^ lil (v) 

. S J V U~JI ^ S J di^ $ - T 

:3Jldl 1*13-1 Jiijll (prA-^AiL-UI 

• ** >*f A ~ 9(A) 

. ^(A) 6* V> s ri ^ S ^ - T 
y(A)-<p 2 (A) j A-<p(A) Jilii ju-jg <ili yeS tfZi ^ Ail cJt _ v 

- oV - 



. Jul*, j^uc. <£>S £ ji. V s of - <- 

i-w ^ . t>-3 j*j li-aw T j S ^ < "^*TUL3 <p : S -»-T <yCJ ( \ ♦ ) 

• T i f j-a^ S & e tff 5 — T 

* S j -if j oi ( y^" ) tfili-l Sj^-p oi» Tj-l* (p ulT lil - - 

OiLi^JI Jali ^* ^( A ) J ijLJI iy^N ^>UI ^,1 ^Jl _T 

• ( Aa* Jf <*ju jJlo^^dl tfl ) a i 

i A | >l cJlf ial & (A) i a rj! V cjI _ v 

; <jUWI oil, jlll Jfcj 
ax-bx j (a,beS)(vxeK) => a - b _ ^ 
ax-y(») J aeS ju-jJ K J JiJ^ V <p U^UI — V 

J* <p JJ-kW j>h ju >al 1*1 JUU <pe#(A) U Tj.^ <jl Or) 

. «£Ui w cJl . folk. TlJw (p ^A) 

i 

: Jif U wi^S ij-j ^ s c/Zl (\t) 
. a **c jl b^d &l» (a,b,c,de S) ab ■» cd O^IT IjJ 



J*3 K k^il .jj w^U yL* oli J/j J^i S oilT lit n») 
JW< S. <j 2«e lj^> XJ> 5 r j ^ y S( j Vr:" 

. KScKj SKcK -U/JI 
• KcA uU AScA j SAcA AcS ^ *jl ^ 

: JjjU fcj*. Ulj (.it; s 



c 
a 
X 

y 



a x y 



c a x y 

a e x y 

x y x y 

y x x y 



» (e) -(! 2 2 ) 



<J, : S #(S) 



<M C >-( C 



-f e a z y 

a x y 



) *<■)-(• a * y ) 

v a e y x ' 



T V X X X X ' 



+ (y)-( e a x y ) 

y y y y / 



: aJtn L*yi ufc^i & jr j z^ji :l.u-i 0v) 
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_f 
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b 
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a 
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c 
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a 


c 


c 


b 
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f 


K 


a 


b 


e 


c 


e 


e 


c 


b 


f 


f 


f 


f 
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g 


g 


g 


g 


g 
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a 


e 


e 


f 


e 


b 


b 


b 


b 


b 


b 


b 



: S > LltW ♦ LUil S -{1,2,3,4,5,6} (U) 

• *,yeS ^ dlij ^ jji^l iUiil r UJI = Xi)iy 

: (jt cJi . r >1 IfU* i^I* S «<a> {\\) 

S— S*= {a} ( T 



1 jAJ. dill ( O j* j Z. t _J ) XyZ* »J J* * j»j v-i^I dJ > i ^Ill-I ( ~-» 

. JUe dhUjjul < J^jH 3U <j J.U1 ^JWI J» ( 

«-[::]•'-[: :]-[::] 
-t: :)"-[:.:]-[-::] 

S J ^jM ciUl JT A . <-*^j (S,.) ^ (TO 

. LL aJ i-wtf (A, n) »^ - T 

. ibU-} j»6JJ N|^* J*tt t Sj-j v-i-aJ (A, U ) J* - 

B i*B,=- <B 1 UB a > B^B^eA 

m 9 m 



- m - 



:^AgS U> oU^ J»$Tt s j-l* ^J: s^i. 

( VaeA)(V*eS)( axeA jl XaeA ) 

: 1*1 S J 

SAcA 

: S J ^Ue IfljA 0* 

AS c A 

- vr - 



: o&j A^4» 1 1~ caul u^ySJI A ^j^ Ut 

SA S A j AS S A 

. S J ^M^XJ^J, SSXj. ^jJ a D U 
j ^ ^U-l ^b'j ^jL-J, ^1 JUll ^li. ^ 

. *-l*-»J • jaj «_JUaJ ill*. 

(1) 

(T)JtU 

J^" JM 1 r: r i c R > "J** 1 JljJi 

jii ) . s J LuLlk jCu X€R ^ ^jj^ ^ ; ^uii ji^ji 

. ( ^ a- 

. S J^jLi J,l^ SB ul . SJU- jri BcS . U J^j ^ s 

■ S i yfri ^ SBS . S BS 

— IT — 



: J.U im^ ^J! . S-<a> 

: Oi» m Ujjaj r IjJLJa i-^ s C^S" Uj — T 

A k «{aSak+l,..., a k+-l} 

. S ^LJK- ^ ^ k = l,2,...r ^ 

: (jU jrj* S ^'IT lij — v 

B k=s { a*,a^»,a k ^,... } 
. S oLJ& £-r- ^ (k =1,2,3,... ^) 

( K,+,.) au i [ ^u-i ^jus * ] jt. jr J ^ a- 

. (K, .) j-; i [ ^U-i ^uj < tfjLj ] iii. _^ 
fctf-i ^ < ^ jai juij . z,lji aiti j ^ a xji 

: uli neN ,>C ^ o! (Z,+,.) 
A « =B {•..,- n - 1 n , 0, n , n+i,„. } 

. ( dUi & ) . ( z,+ ,.) aiui tJc ^ (Z ,.) J jii. 

(K,.) Sjfjlluu^^L-i^Jfj (K , + ,. ) ^j&\ s <Uai>g 

* j>50 Uaj>! 

- "U - 



: <jU x,yeK ^ U- • (K,+,.) 
K ( Kx U K y) - K a xU K 1 y s Kx u Ky 

( K, . ) j <SJ^. J£» Kx u Ky Jtllj 
: (K, + ,.) j rfjU Kx U Ky «jt dUi ^ gfc 

x + yeKxUKy v x »y eK 
: ^-*f zeK J^ji ) x+yeKx ,> 
x-fy <s zz 

y = ( z-c)x 

. (K,.) tfaU e ^ 

. _^50 ^ r ii (K,.) i^.j^ J*" :J?>ai4-iW 

. beK jx,yeA ^ J (K, .) J U lyL- Dli. A 
J y-zx : ^ zeK Jk^j-i x,yeA 6^ . bxeA l^JJ 

x— y - ex — zx - ( e — 2 ) xeA 

y -x~( — e)(x-y) eA 

. (K,+ , . ) *SU-I j rfjL- A ot g^, 

(T) 

. s J ^41 ^jtf Jii. s - T 

^ijS ^tU j* {o} jl ». o L»U Ij^uc (Sj* S lij 

. S J -JiA-l 



. s J 

• ( V* o^i I 1 £»! ) 
LjU a O&j t S a* S-j-j wjLai B oilT Ui - * 

: S J 

. ( Utf. ^ ty ) b J rfjL, ^lli. a n B 

^4 S S^j A ( ^t\l\ ( £*J ) tfjUJ jUtl (,) 

. S J ( wiU-l 

» * • 

• r j u^ul a tfj^ty ( <^Ui < ) ^jLiJI Jill (y) 

. S J ( ^JLS 

( s i r j ^jLJ a ( v-ji — u ^ < ) ^uaji (r) 

. S J ( JKS i ^ ) fju 

^1 i ) rfjlw ^ tft ^ olT fil ^ . S 

s J ( wJU-i 

- Yl - 



«) «w 

. s J Lu Dili b j s J LjLj Duu a j Jj-j s ^ 

: at ^ 

. S J wiU-l ^Ib* ^JU* AB — T 
. BAcAfiB-u 
> — * < s J £t ^11. tft £* tfjL-, ^JLU tfl ^Llc 

(T) 

L-JU» RjS J hju*\ hJL* UUU L j SyJ duai S ^J53 

: ^ SJ fc^f 

♦ S |>*<Uj»»j«i RL M f 

RL- RflL -eSe L «= Se J R«cS 

d| -T 

(RL)(RL) - R(LR)L s RS LcRL 

: o\ f . S V> W ^ R L 
RLcSLcL RL cRScR 

0> RLcRnL 



: Oii geRL rfZ ^ «j% 
? bit) LgcL JWIfjgeL j gRcR ^Ul^ ge R 

• S J JjL, ^ Lg j S J JUU g R ^ 
(^R J L) Lg-L ^ gR » R : o[&. 

: fc| 

( V g6RL)(RLg„ RL = gRL) 

. S C>* V> l J*i RL v'^Vj 
: pt ^aj rfji*! L t)^j . Se £ SLcL tf* eeRLcL C>1 U 

Se=L 

J\ gfc tfjiJ R eS cR ScR JUllj eeRLc R dtif 

eS =R 

eS n Se = eSe 

RnL = eSe 

xeRL -c= ex«= x <= xeRnL 

. xe L j eeR 



(T) R n LcRL Jtlly 

: ^ e^. (r) j 0) fcjti? 
R n L =RL 

Regular Semigroup <L«ti&J1 » yjB uuoi t — t — 1 

: t>T tft axa-a ^— a> x 
[ aea S a ] <=> [ S (>• ^liiJ j^Xt a J 

[ (yaeSXaeaSa) ] <t*> [ UUii ; r j v^LJ S ] 

. j-d^e. ^am j Jull-i ^oljjl 

erf s ^iduaJoyca^w^^ 

BA» B n A 

: cMjJi 

BAcSA £ A j BAcBS E B ,.,| 



BAcBnA 
L-Uii ; ^ s : J» ^1 fjjl 

aXa d-^ xeS ^aut < B n A U a <> j*J 

. xaeA JW^j aeA o! 
a«= axa= a(xa) eBA 

BnAcBA 

B n A = BA 

oi . S <>* L. Ij^U a 
( dli <>« JW ) . S JjJ JUL. B=» aU aS 

: Til . tj-ij S J tfjU Jll. S _> 
aeB = B n S = BS = (aUaS)ScaS 
( dOi <y Jli ) . S J tfjL- ^ILU A = SaUa ALT 

■ iH"' S J JU» S J 

: 

aeA = An S= SA= S (aU Sa) cSa 
;lii»S J ^^LaSjS J JjU Jlii Sa ^ 



ae Sa fl a S = (aS )( Sa) caSa 
: <Jt)l UlU 3lU ^.jO c,\ 6 <i itUI t»jdl ^. V^-* 

: J^a! s J m 

MM = M 

Mm = m n m = m 

*J> ^ S J M it. rft jj <y aij MM = M & l»i (T) 
: S J Jll* M t n M s 6l» S J d^M,jM l 

M x n M, - (Mi n M f ) (M A n M,) £ m,m, 

M^cSMjcM, j MjMjcM^cM, 
M x M a c M t n M 

aw* 

MiM, "MjOM, 



Minimal ideals & jujft OUUU T- Y ~ 1 



• s 4 

AB = { ab: aeA , beB} A,BcS 

: OK— AjJf 

: liJ Asa $C ^ 4lU S J Lj«u»1 t jU tJU. L tfZJ 

AL cSLcL 

AL=L 

(0 viulrf 

: t>i» S 5 j*j <>• j» *J A cJlT 1*1 ( > ) 
[AU SAUASUSAS p- S*AS», AS U A - AS»]S AU A-S»A 

- Yt - 



^ — 1J A <Sj* S J [ s^U-l jLi i £t ] jjl^ ^H, 
[J(a)-S»aS>,R(a) -aS*]L(a)«= S*a A-{a} ^IT 1i] (r) 

[ 4ja^ < tjjU^ J LfT ; r j ^ ^ J^ii ( f ) 

• u *¥* [ ' ^ ] r 1 ^ 1 v? 13 4^ tf^'wf »*1 

1*1 f u 4 s s>j ^i-j [r]l [ ^ ] rfju an. ^ j> (t) 

. [RS -R] SL-L olT 

I uJbJI ^ < ^ J ^jL-i <JKJ> [ J(a) > R(a) ] L(») Cj (1) 

♦ a < S » j» j!l duaJJ 

• aeA afcU^dU^ [ A - J(a) , A - R(a) ] A - L(a) 

: <jU a tf^S J LjU Ull. B 6^ l»l (») 
L(a) - aUSa c BUSB e B 

aeAu^iU* LjL-Ulii A olT lil : J»^^jJ (r) 

. L (a) - A Jtlb L (a) <=A t>l» 
. L(a)-A ol» aeA o^i W* ^ u*j*I : JtjiMZAif 
B 6* L* \j^s. b ^C!j A j (Sj* S J LjU Lit:* B 0^ 

. beA Jbtj 

- VY - 



beB=s>L(b)cBcA 
Q^ji-t A A-B itftj beA L(b)-A o<J 

(o) 

yxeS dUijS J $Jua\ { ) £>L-i ^U* (xR)Lx (1 

. xeS U se&t^Ct* 

. VxeSdfc., S J rfjL-.i 1 ^ Lx itllj S(Lx) s Lx ui (0 
a - bi be L ^alc <^**i aeLx ui 

Sbc SLcL <t= be L 

Sb = L 

L(a) = SaUa-SbxUbx-LxUbx-Lx 
- Yt - 



La cSMcM =t> La - M 

i>* $ & <Sy*- S -J IjLj ULJ- a M t n Mj,- 3 At^4> 6* 

; ^dtj b\fJ\ M i jM 1 (^tJ . M,JM, 

A = M, j A a M| =* Mj=M 4 

: wj* ^ Uj 

M i a M, = «j> 

■ \»/ — + ^ ■■ 

( R)L s u J»s>{ ( ) tj^w U£* d4W s »y» Jft Cutf U| 

aeA Lac SAs A 
. La $ju>H\ tfjU» J&l 4 j* A i^b 

_J cuL s ^ i^rf.) kt-i ^ ( R > L o*^ 

1 rfJ a» 6* jp-ij < ( Ilc ) tjU Jk-- Sj*j (R)l 

, Sin 1 » j 

Universally minimal ideal jtLeVl ^tffl 1 — t t 



*6S C^^^J (xR-R)Lx-L ( T , 

(RS-SR-R) SL-LS-L 
* * * * * * 

Lx-L * LcLx* iJi\ ^LJI Jill L 
• • • # •* - * 

LS-U Lx-L (^) 

* xeS • * 

S L - L <s= SLg L 
* # * * 

: ( - ) 

S L = LS - L 
«» * * 

. S J *°- u 

(V) 



* * • 

LL -L *LLs LS-L 
• • * * * 



LU LL -L 
* * * 

Lea <3<J ^ dli 

: A k>U Tj^* a (T) 
AL -L A- A 

Led ^> dli 

A-AL c SLcL 
The kernel of a semigroup o j*j uuoi ^ SI o — Y — 1 

ijAj U-i JT J Ji^ U . (N,+) ^ dli Jllij 5^ <*i)JEV 

<£U*r S £,1$ ( R) L (y^*) tfjL- yWliJbS uLai Oj> UJ 

♦ Kfly 

( *^U-J1 oTOl JT £W=>1 ^ K JIul-M) 

♦ S j| 

. S J tfj^ s}&» (VxeS)Lx 
- W - 



L SrU Lx 

: ^-4 • S J J® ^ A 6^ 

VxgS aLxcSLxc Lx 

ALx — Lx 



AU c A S c A 



yxe S LxcA 



LS = U LxcA 



. S $j ^ rft S i i^' LS oi» J^j 

( ^ ) 

K- LR- LSR-LS - SR-LK= KR 

: iiiU! i>jdl ^ Tal^J ^ S b\ 
K-LS-SR 

- YA — 



Vae L LacLLcSL cL La-L 

VbeR bRgRRcRScR^bR-R 

aeL => L-LacLS-K 
beR =t> R-bRcSR-K 

. K j Jlj^ KR JLK j LSR JLR Ti] 
K. = KR""=LK. = LSR~ lr 

<r> «*s 

LR - L'R' 



* • * * 

• s 0* 

: Ti] ( ^ ) K = LS ^jf" ( n ) LS= L ^| ^ f 



L or K 



* 



01 ( v 



K = L = R <*= R _ K jL=-K 
* * * * 



xR — R j Lx ™ L 
* * * * 



( 1 ) xeS CjSZj ^ dUij 

M 

Kx = xK = K 

D s Cf* V Jr w K «j. u i^Vj 
< (R)L ( ) JjLJi iui ^ s ; r j)i of 

X TjU ) Lc i — — Sll JJJ ^Jl ^Ul U^* j1 Jl ^Lil 

• S 4 ( R)L J^ 1 ( t^ 1 ) tfj 1 -' 1 ^* S «r*l^ 

S t lij Jrfij U| * K $j Jf iSj* S 5j>j -i^ C~it 

• S a* aC^i l„* iUij x eSaS ^ ^ JiVl J* x J^'j J* 
i^* — V* xsSaS xeS ^UJI i-fcj** J ^1 

. K y» aeS 



( Y > 

L tfjL-J Jill > S -i-i Csy* Va\ 4li j-lji tu 

* 

. JljJI li» ,UVI ojJWI iOlill £»1 



a 
b 
c 
d 



abed 



a a a a 

b b b b 

c c c c 

a a a a 



R dU2V VJO K -L={a,b,c} S & 

* * 



a 
b 
c 
d 
e 
f 



abed 



b 
b 
f 
f 
b 
f 



b c 

b e 

f d 

f d 

b e 

f d 



e e 

e c 

d d 

d d 

e c 

d d 



b 
b 
f 
f 
b 
f 



1 f (O) 



- AV- 



* * " 

! s a* Jj-j Jill j K ul 

• $t t ( i.) i^jdl ^ib |JL_. j» 

Maximal ideals ^uda&YI oUU(| "\_ f _ ^ 

. A ^jUV rfjL* iU- AuB off uljjUi aU^- B j A d| 
. AuB „S . ^Jtel a ^ . AuB i iiJU a !i] 

* 1— ujJ Vx^ A <Jji s 

[AuJOO - S , AUR(x) - S] AU L(x) - S 

— AY — 



1 2 3 4 5 6 




1 
2 
3 
4 
5 
6 




1 

3 

5 




1 

1 
1 
3 
1 
5 
1 



2 
1 
2 
3 
2 
5 
2 



3 
1 
3 
3 
3 
5 
3 



4 

1 
4 
3 
4 
5 
4 



5 
1 
5 
3 
5 
5 
5 



6 
1 
6 
3 

6 
5 
6 



: w *kc ijLj oULU <±>^J t^»J s b\ 

L 1= { 0,1,2,3,4,5 } 
L,_ { 0,1,2,3,5,6 } 
L,= { 0,1,3,4,5,6 } 

Ijlp-j Lkcl U-* Uu* s ^ Ih 

R - {1,3,5} 
T -R- { 1,3,5 } 

m # n = Vm,ne N° 

£«J <SJ^. 4 L1a (N*-{a}) I — c» ^ ^ 



-AT- 



a < i-jun t ilf ~+Ji ) (jm fi^n J» ^ 

: S S j«j «Juv ^ u&i 

^l^S V a,b £ A 
[ J(a) = J(b) , R(a) = R(b)] L(a) = L (b) 

. a.bM^i ' S J ^Jfc! gjU Jli. A : J^fjjl 

-.1 

A U L(a) = S =s> b e L(a) => L (b) c L (a) 

* 

r 

A U L(b) = S => a e L (b) => L(a)cL(b) 
L(a)«L(b) 

a,b i A ^ dUij 

J dUi u* g^.L(a) = L(b) b$ Va,b£A ^ <>j^ : J>jj3t4jUf 

S — A =a L (a) vMA 

B — A 7^ 4> 

: $ aeB — A <J*j* 
L (a) U AsB * AcB ^ L(a)cB 

: Jl% a^A Or^ 5 



B = S <= L(a)UA = S 

increasing elements AaL+tJS ^Uall V — t — 1 

(0) kigja? 

: ulT til S Sj-jJI 

(a S - S) Sa - S 
aS - Sa - S 

: ^ DcS 

(aD-S) Da-S 
4 it5*"j jX.-ji J^j ^iai j ( ) -r* 1 * *JTJ «-4 

(U) 

tJjl—ij S3 a 

— A* f— 



D'a = S J aD -S 



» 

S <| ejx 4>j^»Ic 3^0- ji aD=S <jj 



ax c j ae = a 



: *L~£ yeD' JU*.^ 4i'U Z eS j6=i3 ^ ^iub D'a^S ^3-^ 

Zb ya 

zc = yae=ya =z yze S 

: tij . S j ^ cpU- e JUltj 
D' = D'e = D'ax = Sx 

S =Se-Sax~Sxc S 
. ( w^Ut ) B'-S £|T* U*j Sx-S Jtllj 

4— ^. jJu dUiV ^.jll JU)1 j>u £>T jTi ^ ^1 <>• oi 

. j*te dtixi hfi) oUJI ( T 

dim uxJ r }\ jut ( V 
. i-.^ ^u* auv uij^vi j-jii jut ( r 

. JU-^ ^Uft diliV j-jll ( a 

-An- 



or) 

: iLM> Cw-mJ GjBJA 

♦ S ^4Jj> yi^Loit C jBUC j AUC jB J A (\y 
BnC = AnC . An B„<J> /AuBuC-S og(f> 
•Sttw* B y ♦ I4J ^jL-j ^! ^jauif A » yjM uLoi u] (T) 

♦ l^) jOit £\ 

: ^ (D^S^DOS^ EK,D ^ <^ a,beA t>> - T 0) 
Da = S j D'b = S 

S=> Dab=Sb 3 D'b -S 
. S (y i j»j ^Xa> A j abeA Dab = S Til 

tfl ab^GUA j a,beCUA u 1 ^^ — *j> *1 u^j* ( r 

. abeB 

: vl~*f Dc S it a*-y 0*1 
abD= S 



ab£B Ui a ^B 6^ a(bD)^S Jl — :'b b#B bD^S 

. S o* U J». ; ^.j _ioi CUB CaS «fc jiaJI ( a 

^4 ( * 

(GUA)n (GUB)=CU(AnB) = CU (b = G 

: 6^ (u) fc»J}U c>»j CjBjA <>• (r 

AUBUC=S j AnB = BnC=CnA = <b 
a — fc^i 4il (fl a li LjLj ! j^ji <£ j*> A 6^ ^J*- u*j^ (r 

. ae=a eeD J*-^ Jl^Vj . Da=A DcA 

. D'a = S £+J- D'cS aeA 6* U 

xa-»y xeS yeS ^ fa} 

ye = xae = xa = y 
D'c ssS ^ D'eS J*-ji eeA . S J tfat* e • 

. D'=S JldVj D" e=ls D» /X! 
. U (Sjl~> m j^a ($\ (jfj&l A U[ , D'cS Ul^5 IJUj 

. G^<j) cgC <jU e UU- iiUi S cJlT 1*1 (1 

xeDcC ^ fcj . Da = C DcC 



: J\ £uj li* &j xa = c 6^ 
S =Se = SxacSacS 

Da =- S .i-s? DcSJ^jjiAili S j L-xLu.^ Ij^* a tf£ lil 

S ss Da cSacS 

Sa~S J_ 

) c toU dli s ^ULj tTjll* tc-li «£Aic s Til 
. ab=e ^ beS dUi y ^ . ( J^l J^iJI & T 

D = Dc = Dab = Sb = ( Sa } b = Se « S 
. S J JjL- iljii- f-l* a . ( D^S ) JiK* 

l^L& j<£»Ux. ylt S ( oJjij* ) 4JJ>1j « Oj> Ul 

♦ (jJCdb ^JUIj 4jjU*j jMZa fjto t£fv 



. Da-S DcS <x>-j a ^ j^s- ^ S l*i 

. xa-e xeS Sae UU- dUc s <yO 

Til 

* 

S «= eS = xaS = x (aS) 

jsd* x iJ^.J * -JjUl i>jUJ j »UU w.-j>- aS^S 

• S (3 

: ($\ ab-l 

S =< a,b j ab - 1 > 
a»=bo = l j ba^i 

. S a 4 d^f-* Jf- jCiJj*- ju Iw <b > J< a > ( T 
Nsmjt JU-jJ 5fc* <a> 6^ ^ J* ^ *^ ^* 
a r+m -a r 

a r4m .b f -a r . b' 



m 



: b]> m , n e N° U J*-t ^ b" = »« ^ lil ( 

a" a' - a™ b m = 1 

+ n = oUi . j£* <a> . a™ +n « 1 

m= n = 

: m,neN° U jJ <>* b B a» =1 lij ( 

n n ra <= a B =ia m <= a"b m a° =s a m 

: JtlLj b"a" -1 Til . 4^5* > <a> <^ 
ba-( 1 b )a= (b°a a b) a-( b'a - 1 ) a«b"a n - 1 

m — n = 

: ; JJtia , *^ jujM xe g Jf ( 

m,n e N° x-b"a" 

/y<£ X6 S j-s^ +. iLiji ifJUi 



x = b m a" » b h a k 

: jdU J|Ui k^n fc. J»jA 

: 7j^** m^>h 

a" . b M . a n . b D = a h . b h . a k . b" 
b m - h = a k ~" 

n=kJm=h <= n — k = J m — h= 

: J**l m <:h a!ir 

a-b^a-b" = a m b h a*b n 
1 = b h ~ m . a k "" 

k = n J m™ h <s= k — n =* ^ h — m = 

^4 ( * 

S« { b-a" : m,n e N° } 

: 6? keN 1^ ( j 

D=S.a k s { b". a n+k : m,n e N° } ^ S 

. ( n + k^O ±f ) b£D 

D' - b k .S= { b m +K a- : m, n e N« } ^ S 
- \t - 



( m + k j£ ) a $D' <jV 

: ( J 

D. b" = S.a k b* - S.i= S 

: dDir 

« k D' = a k b k S = l. S = S 

W- s i #jU ^ ^ a k j ^ ^ b « ^iui^ 

. keN ^yC" 
fiaiic elements ^MfrtfJt ^Uall A _ Y •- 1 

<J& i i£j l ~t)<^ i *l&*s& *JL S Sj-j JLoJ <j* a ^ ^ J Lb 

■ * • * 

[aS USaU SaS Ua = S -> aS U a= S ] S a U a - S 

s »>j ^ i a yU> ( wiU-i ^Jb t tfjU ) ^ ^iii. $\ ( J 

( ) ^ y 1 ^ (3* jS\ J* S 5j-j Jut Oj* lij ( v 

c^'V Lftt y J*1 ^ t>» /I s ^ ( r 

. U ^'b jl 

-r*^ ( v-JU-l ySb* < jjLj ) ^-c itjiL. r li ^ tfl ( a 



( JjLj_ ) ( .tfjLj ) ^ /O^ ( 

A «- { ae S : R (a) » S /\ aS 7^ S } 
B e» { aeS : L (a) = S ASa^S } 
C= { aeS : J fa) = S A J (a) - {a}^S } 
D - { aeS : a S = S} 

E- { aeS : Sa = S} 
G ={ aeS : aS »Sa= S } 

♦ ^J>»teoU3litJl>U3^ C J Bj A ^^(^J 
G = D=»<J)^ A y£ $ cJIT ttl ( o 

: ae S ^ ^ oli ( ) <f>^ A C-ilT li] ( 

. aS^S jaSUa-S 
: ^ JtU aS 6l 

• A -{a} TiJ . R(x)^S yJUlL, R(x)eaS O.U VxeaS 

. GjB JiiUi iLjDt ^^i^, 

- At _ 



j R(a)«=S ^ aeS j^t x* y _ i> m — > A^dp lij (»-* 

. D-G = <J> : <^ *^jxS^S oi» VXeS Jtfb., . a£Sa* 

aU SaUaS U SaS =S A SaSU SaUaS^S 

: ui» x^a xeS .^aiJI ^C* ^ ^ItJUj 

J (x) cSaUaSuSaScS 

Sx^S /j xS^S 

: Jttlj 

D - E - G - <b 



(o) a*>* 

abed 



a a b c b 

b b c a c 

c c a b a 

d b c a c 

A-B-C- {d} 



: yd! o^ii-i ^ 

. U ( ^jU ) ($x*Sa j^m. <$T dAi5V S ( T 
dAA«V lf53j * idiL-l., U ( IjLi ) Lu 1^ dJU5 s ( V 

^ly j?Tf J Tj>i j ( t jL- ) Ll« LjL*ii T ^ dis s ( 

. ^U-l ^b LteG T>* s ( T 
r li dJU5^ t—^j Tju*j wiliL! ^b tjcli Six s i v 

a* ^Oj ^Tt jf Tju-Ij ^Jli-I ^SUS lu_*ti dJUi s( >- 

: <jli U a c^li tft 
aS U SaU SaS -S 

ilJU tfj* jjlj s j A jLo*JI ^bJI Jf fc^c ( T 

iJU > — c i*yf ^» < s j JLuJI 3u-^tl ^bJI Jf ieyf 

. s tfjLi V^, 

iiJfe. Ifc^ cfjrf J\j S i B ijLJI ^Ul Jf ( 

iJU- itjrf < S J ;,jLJ! j-ffbJt Jf 5*j*^ 

. S rfjLJ Vj 



. A^B ( * 

: Ji U S i D wiW SJb' iJ*liJI Jf ls.y^. ( a 

DdAU B 

. S J i) JUL. p-li e -> Sc - S <=e L^t IsU- «±Uc S ( % ) 

. Sa-S <s= a k-£ IS" Jli. le-li iAii S (f) 

. ca-a >1~4 Sse 3 t^a* aeS 
(x,yeS) xa - ya o^l <iUi S j J'j^l a ^L>J 

S uijiJI wilUt S- (S - {x})a oU^ ^ij x-y ^ii 

. i—^. jJLt dAiiV 

: i>U yv g S £l\ 

va = v ( ea ) = ( vc ) a 

. S j t^aL>»- C J V =x vc viUltj 

j& — I ^Jt» ^ $T J S 5 j-j JL«i j» b J| cr>^ ^ J> 
bab b b j aba — a 



( if?. )<*M 4^ * s 4 ( sM-i ) r i* jr ( t 

. s <i 

if , s j ^uu ^ s j ( ^ jU ) ^ fiju. r u jr ( v 

. S <i { jU ) fjjll* r l5 ^ s j o& £,1 

^jt JsL-*- X>. y> <=Sa-S <f»S J ^ fljll- p-li a 6^ dJUi 
: XeS j^* S a e ^6«=J . ae.easa Sac 

xa a e 

axa-ae-a : JUl 

: (S 1 a ^ b £JCJ 

bab,= b j aba - a 

Sab-S •«= ab - e <s= aba - ea 

. Sb-S i&b Sa-S ^ 

*-?Jf S J*J </f* V 1 *" u 5 ^ f ^1 G-{ aeS:aS-Sa-S} J*^ 1 ( - 

• S o* 

Jti» Tj — ( Lu ) tjU trjiju tc-ii s cXU lil 



universally maximal ideal qjatW ^JtUI \ — t — 1 

OA) 

cJbJl ^3U? ^1 <> S * j*j v-a-ai f J»^JJ1 

wbJI ^U* T»J*I15 ty-^fi «SlU? £»! 3ft (R *, L ) T ( ^UJ1 < ^jL-Jl ) 

f ^1 i&l rfy Sy'u*/: J^fJjl 
: ui — » V h* f ^ heS-f c^i W* f*i . S - f^<t> ^ 
T - J (h) - h u Sh u hS u ShS 

. S j wJli-i ^JLJ tf-uti j-u* h O.U i^j T-S TiJ 
0^1 S J tfT J>V f oi 

Jfa)^^ J (a)cf <= aeT 
. s i SjJfcWI ^*UJ» ( S — T ^ ) f *~ :u 

IfiT s h tu»B lj-u* ^ S J>£ : 0» .pill *U5* 

- \\ - 



H - { he S : J (h) -S } 

. Liji H^S j Hy^4> bl 

: ui» vyel j yxeS 
J(xy)-xyUxyS u SxyuS xyScSyU SyS cJ(y)cS 
J(yx) -yxUyxSU SyxU S yxS cyS uSySc J (y) c S 

J(xy)7^ S ^ J(yX) 

: I ji 

X y ^ y Xe |j 

: if cf» 

HScH J ShcH 

. s J wili-i ^ju; ji^ h $1 

HnT^<|> bJLi h 4 6^- ^ S J T J *>/J 
. J (b)-S J ^jfi bsT ^ j*.^ Taj 

T— S <s= S — J (b) cTcS <s= beT 

. S i yjili H fc# ti£*J 

( ^ Ji«J ) : J jJiU Jj-j JUi s t>£3 





a 


b 


c 


d 


c 


f 


a 


a 


a 




a 


a 


a 


b 


a 


b 


c 


d 


c 


f 


c 


a 


c 


c 


a 


c 


e 


d 


a 


d 


a 


d 


a 


d 


e 


a 


c 


c 


a 


c 


c 


f 


a 


f 


e 


d 


c 


b 



: JUL, S i j^U) {e,f} d[ 

L -R»T-{a,b,c,d} 

. ^ y JUlij . ^ ^XJI £,1 »LxiYI 
a* ] -i , +i [ ^* S, ^ jyj-j s,jS, ^ 

^ {0,a} UjjA ^» S, . U> £• U-if aUty 

. S t £ u*lU j* ^ a 2 - a 

x,yeS, jf x.yeSj cJ6 1*1 xy -x # y 
* yeS 2 j xeSj ^'ITls} « y„,x - x*y 

S lt >*3 • S, tfjLJ JIH tf^ S 6i 

. S.rf/Vs, j.S J rfjL- ill. y S, S J JjLJ JUI 

- 1 .V - 



* * 

L^R 

* * « 

T cL n R 

-CM 

t h jLJ < L^JI LacUJI ^,U«)I Jf oU^** CjBjAc>Tu»j*i 

: a** ( s <j J* wiUM ULj 

B^S J B#<() J A^S ^ A^<|> 

R-S -B , L -S - A 



Til ( ir ) a^b <>d 



* * 



T - S - G 



* * _ _ „. * 

Ln R-(S — A)n(S — B)- AnB-AiTf=> C-T 

li/jlJ-;^ (v) Jttl ii ; Sj JV 



S = < a,b j ab = 1 > 

: ^» S j i-^JI io*Uil ^LJf ^1 

A- {i,b,b* f } 

L*« S -{ b" : n sN° } 
^» S j ijLJl iotlill ^UJI JT <-,f ^ 

B - { i,a,a', } 

R*- S- { a" : neN« } ^ L 
. f rfj^V l^U Jtyj ik^ i^j S JO 

^jUI s/iflB Jfc ( Ol>* ) S uufti Oj> tt] 

* f ^ ylUM Jfc ^ S 6 p (R)£ ^!fl(^JI) 

* * * * 

( T - R ) T-L 



• * 

V*6 S L x c L 



* * 

L S S L, 



- t.Y - 



• Tc £ J jL- T oU < <yU rft T ,jO 

L -T 

i £jl^\JL^\Je( i ^4*j^0L£C>>*>) s Sj-^j uuu c>5> U» 

* * * 
R-T- L 

. gij, JtW JIUij . >i iliUI Z:»jdl ol 

: JUI J jai-l h j«* » j tjuai S j^CJ 

_ abed 
a a a a a 

b a b a d 

c c c c c 

d a b a d 

: ^ T * r kc^(l ^)&! die S J .Wi 
T*-{a,c} 

. £ V, L * V53 



- W - 



. dAU cJl a£S a U a S U SaS ae Sa n aS 4 

— abed 
a a b c a 

b b c a c 

c c a b a 

d b c a c 

T = L*«R*- { a ,b,c } 

tx*-j L-uli I j^ut Six S j 
c^cSu Scu ScS 

(TO**** 

• j»j tJ»ai a* 4*R> yji 4jj> A «= { aeS : a S - S } cJlf te| 

♦ aeA ^U^dlfcj aA-A J aA-A 

ul» ajbeA JJIT 

abS — aS - S 

. abeA d^^j 

. aeA ^ dlij aAcA j » j*j A J ^ 



. VaeA «£l>j aA-A j »A =* A <p = A cJf ty 
. S if ^ ^1 Jill ^ A A><|> ±X lij U 

.s ^ * jutj 

. aeA ^ ^ a A c A S A c A Til 

CP 

S -aS ~a( AU A) - a A U a A 

air 

A n A - «|> j aAcA j a Ac A 

a A = A j aA-A 

. aeA 

j gjL- ^HjW J»J A 4 tf&*> r** J* aeA j<*^ if b\ 

. iJU Ul^L.JtoU^Sj.j JL^ A Jttlj( l^Jij (, V )4>ju) S 

: jiUI $U j«i -W 4.11. ItlUjfj yi. fc»>. UL- 
B- { beS : Sb - S } l*J l*+~>y jA*CtS* ) »>0 ^*"<* S cJIT 13) 

♦ beB ^&U4*d83j Bb- B -> Bb-B O 

(TT) 



B={beS:Sb«S} J A - { aeS : a S - S } 

♦ S 4J j> » j# j A Ct\3 A - B 

: jji 

A^ <I»/B u!» < oli S I £ 

• c> u ->* M wr{j • j*j s ^.U A = B = s" juilT lit 

uUjJt^ S 6^ i>>J ) S $ jUV B jl A 6 1 u^/l TiJ 

• ( B^S jJ a* 
^1 £*JI JULI die s 6L> <t>^A^S itJlj S^A^* oi 

. T — R* ^» ^ S Ul . ft. X 

. x e S £<i ^ dbj Sx - S <j B - S ^ t> >J 
^Uc . ^U- tfjL- ill. j| die t» Iju S ^1* y-ii 

. S ^ B^ tj> B^ S . Si rfjL* 4,5^ ill. ^ 

. £ =B jjfcty tfjLJI dJUi s Ui 

• A-B Jbtj x -5 V £-r Til 

• S i ^6 Cl> ^ A - { aeS : aS - Sa - S } Til 

• s O* V> L L*-R-T t»b 

- I.Y p. 



4ji»~n ^uibj > j^-Jift^ ^ni» ^» s = h 4jj»n » ^jn o^i 

S ^ H H CJIT < tt! Jaiij fc] i S J ( v-JlaJ! 

♦ aeH U4* <£05j) aH - Ha = H 0* S Cf* 4-Jj> 

• ( **** *r*~- ) s 4 V> S J*j H <->. U R « H ^ r (i l ) 

• ( n i^Jj- ) aeH $C ^ aH - Ha - H 

aeH ^C" ^ a H - Ha-H ulTj S j X-Jj.. ij-jH JIT lij (f) 

aS - a { H U H) - aH U a H - H u H~- S y&eH 

♦ s <l <S J~i dr-u-ti jas- a Jtyj 

. i j*j ^ — ) s s t>* Ixju- i_ J j*. ; j»j h (jj 

c>l — » aeH \<f* ( ti j» ) S u* » j* j <-i-w H 

Ha c H 

. HS-H Til . Ha - H aeH ^3 \^ ^ 

. S J <^jl-i JJtfti tf1 tf^rfV la} s j £*i ill. H J^J 

H £>i» • S j ijLJ iotlill ^UJf JT ^» h 

- S i { ^UUI ^ $JLJ ) ^1 ^1 Jill j> 

• ft * 



a S a - S . £ ^6=^ «jf j» H tT >i* 

( Lu ) t jL 1 jriiii «£AU J j» U ( ) tju IT jll. te-li S 

. (^sLhD 

. Li Ljc dUbs »• U iTjli* Te-li S 
Li IT JUL. le-li s JLJ dUU jfclfl, f j*)l J» jlll £*jr ( I 

iJjil* ^15 ( **- ^-*Uft (S j*JV ) s i/j uui j a* j: ( • 
. S j t»li ^*Uw j-ut j» S (| a ( tfjU-i ) J~* 
( ax-xa J axa-a .1-* xeS 4^ tfl ) 

tfl ) ijU S^j ^* L utj Sc-L eeL ^ \>\ & J. 

- t.\ - 



. S i ^ c l Is- . ( Ll* OjU-lj t iL^ l^f 

. S j tf>J ^Le JLU eS #m 
V Jr ; J*j G ^Ti G tJU* «£U* S 'oj*j^> lil ol ( y 

• s G t>|» S tr* 

tf>*t ola ( ^ju ) ^ s <yO ( a 

. xeL <3*o Icy. dlij L-Sxj' J' . L 

i^i^ V 1 ^ M ( u^*- j*** ) Sj-j ^ S cr& ( * 

• s ,y iL^ jj-j m • s 

:<ji oJti S ^ i-Jj^- Jj.jJ^MjS J^jwi^ «j UtU T tfZJ ( w 

• s <>* V> * M u T tfj T J Jli. j» T n M 

5j*j)» ^-J B £,10 S .>j a olf lil 4it <y^ (n 

. i t -*: s jl. ^» b ou b i -b .^J ^ a ujll 

: c>l3>LII W^i bja Crj-^JI 0* i^j* i S 

b 2 a - a J ab 2 - b 2 
S - < a,b } b 2 a - aAab 2 - b 2 > j] 

f) kb\ y^JI ittl <1U5 S J S ^Ci JUI Jj4I ^iTl 

. l* ^1 tf jLJ Jill \j& • juij £ 

: jjLj.jJI <>• gj^. j^j ^ s ^53 or 

b_C 12 3 4 5 6 7 8^ & _ 1 2 3 4 5 6 7 8v 

^34667886' J ^22555225' 

g ) phAi ^ju-i ^ $jLJ, jjji 

• ( -^j: 



: 2-*-JJl N (u 

L-jjT^t b of ^1 b 
i>j j l t » A i-i_*J1 iJLf-liU j^'^jtll <U Jts j » j*j t_A«=u N 

? i> jL-j iJicli x ^ ifJLlf J» 

? yUJl ^1 J&l N dU2 J* T N j pifcty tfjL-J ^ttl ^ 

. (G,.) * iyj ^ (G, + ) ( 1 

. (a-j-b)c™ac+bc ( T 
: J ^ 
G-G + G ( T 

j* L» j-^Lx ^ JT Tx»U Tjw*^ ( G, + ) IS) (<_> 

: JXUI 6jJl*^*A-GxG C ^!(^ 
a,b,c,deG ( a,b) ( c,d ) . ( a.c , b.c + d ) 

Q J S 5 j L«* I* jL-j I»aL>. e ( \ "\ 

. e J iJuJI j»-t jlJI ic ^ V j c J ijl W 




V'j?- s j*i u*j . s J ijLJ jTjijui yii jf u ( T 

. >Ta-U j^UVj ' S J ijL-JlidU-1 j^LJI £ 6yi S <>• 

oi — »u#s cifc* U . Lu iyj s jii u=s ^ lit (v 

. s V> U -> S J ^ l J^ 1 j* s -u 

j-^e V_, e tf^ ijL-j i — JljW S ^. iJja. j^j v ( *- 

• © S a* VjT ; j*J H e= U n V ( 3 
S-V u.U V^S cJIT l*| U . e >j s uii V-S lij ( » 
. S a* V> ; /J VjS J <^jLo ^JLU ^ 



• • * 



— H T — 



u>~jt < *JL»jl i-o J i fc*£ \^o^ fie J.A. Green 

iJu i-lji j jS J [I C& < * j*j J* ^ TaJ* ci 

. • JLa'i ijJ Ul-Iji <j l^it julJ < ^»£L:II ol»>U. ^Lai 
The semigroup of relations on a set 

( TjL*£t ) Binary relation <LSltf a j-ill oj 

^IT 'i* . AXA Jj^ 1 — i.1 ^- ViT J* A *i* P 

j» a ui » J^j apb J^^-N; t-*l »fAJi jul 0^ ( a,b ) ep 

* i p ifoUl* b £* 

: tff ( x,b )6<r j (a,x ) ep xeA *sr* (a,b)epo(j 

[ ( a,b ) epo<j ] <t* [ ( gxeA ) ( apx A x c b ) ] 
A- r (o) - UY - 



: a* 6S» p , <r, t e S (A) c-ilT •*! *H dfc < a > S(A) 

(a,b) epo (<jot) j (a,b) e <po ff ) o x 

: ±g x,yeA <> j-uc 
(a,x) ep A (»,y) e<i A (y,b) e T 

V p , <j , t 6 * (A) 

— +p 

(pOff)OT pO (<jO*) 

: UU- dill l^U ^JiT . JuJ ( S (A) ,o ) ^1% 

i- { ( a,a ) : aeA } e$"(A) 

: Ji V p - ! V*^' ****** ^ 

p- 1 - { (a,b) e AxA : ( b,a ) ep } 
p - (p* 1 )- 1 J (po a )-> = a -1 op-* 
(piOp t o op ) - 1 * p _1 o p-« o ~ op ^op -» 

[ (a,b) 6 ff «s= (a,b) ep ] 
p *• AxA — p 



* 1 

p-{(a,b)€ AXA:(a,b) fp } 
. J y j*. <S(A),u, n ,-) ] 

i c p *v*& *— IP"' p ( t 

p - p _1 p ( v 

pop C p 4iJAl> p ( o- 

r jN vi-i j -k_*U scl* ^ A >£J ul ( a 

*(A) 
<1)ubj«? 

iJf '*1 A A aB 6- ^j>«b ^ S(A) o* v u| 

: <$\ cp ^Lj-J i*^ B <>- x ^ ^ dlij | <p (x) | - 1 

[ ( x i » )i) 6 (p A ( 3( ? , y g ) €<p ] =0 y, - y, 

•j -i-I P{A) 6j» P (A) A j Vi^ 1 ^ b>J l*J 

. S (A) a* U j»- 

- >\o _ 



♦ P(A) i » ( A ) a* 3L> ; ^.j ^( A ) ^ ^ 

. #(A) j «1> 9 ( A) a* o> ^ (A ) u li dlir 
Equivalence relation JMfcll Y - T — \ 

p J* <£ M ^Iftt* U^f oi» A *fi^f > U S^p 

.i* g+ fUo $ v !uJ| f> ( axa a f» ol ) 2JU 
P A > U^U ^ ( aii ^ Jli ) i_fct* yi 

• P e 

: o] . p J (transitive closure ) 
P=U p n -pUpop U pop op U~ 

a=l 

♦ p A 

: 4*M dUi iiJi*:* 2ft* p ul 
: m,n6N u'aO* <iL* (y,z) e p j ( x,y) eo ulT la) 

- in ~ 



(y,z ) ep° J (x,y) 6 p n 

( x,7) e p m op" - p m+ ° c p 

• p -*^ 3 a* c^'j p s p u| (r 
: 6l* p A J* U iWc <j zJ6 ijl (r 

P 2 - popc<jO<y c (j 

: d . n- 1,2,3, jJ <y p n c<j 6l» li&j 

p e -[pu p -iuif 

: LoJ) vneN aJU ijkU3 ff = p u p-« u £ j! It dWaT 

(ff B )~ ! -( ffO(jo.....O(j )"« - (j-'off- 1 © o a" 1 - ( a" 1 )" 

. i>b p« j! . ijUu ff ° &l» 

• p «f> A Jp >!P **** p e 6* jp^> 

- HV - 



<r= p u p- 1 u i ct = 
a o (jc t o x s t 



neN ^3 ^ 
• p e c x ^ 

J* A ^»IC:H cAMe <>* 4c i,l ^Mc {j' J^- lr* ' 1ju 

JJ .IJLiVl wit IJJ . ^LJ»-VI 31- jTJJ < A J* >iP" S5U 

. { ^ ^ ^ J> ) 

^ifcjl i_ftU) p V <j -j j*j A j*^- J* jW* ff jp 

: ^ ^ p u a J lawai 
pV (T -(pu «)•'-■< p u <tf 

• A J? >P J*** a jpu^ pu as po<j 

#f I3|5 A 4ft*** Jfc JM3S s J p cJSf Ul 

pO<y = <jOp 

- f u - 



p\/<J a pOff 

pVff- (pu<r) B -(pU 5 )u [(pU(j)o ( pu a )]u — 

pO<J £ pV<J 

: i/i ai A <> >IP a* po ff oi 
: o^f *>jJ»^ po 5 ( T 

(pOff) -1 - (J -1 Op -1 - <jOp = pOff 

: po<j ( IT 

(po<r)o(po(j) = po<jopo<j = popOffo<j —po<j 

p U (j s pO(y 

: . pu<y tf^ >|p fob >J y » pV(j ^ 
pVu" poo 

(x,y) ep [«p(x) =y(y)] x.yeA 

: CM jJi 

. A J» ii^c <po<p-» i^j A il B ,>« *»^6 cp- 1 ui 



zeA Jzy (x,y)ep b[ 

(z,y)6^p-» j (x,z) e<p 

(y,z) e^p J (x,z) 6<p 

[(x,y) ep] <p(x) ~<p (y)j 

Congruence Jjil j^l f - ? - \ 

• s J* a** p Sj*j- jui s ^ 

ydllJUJI^. ) (left compatible ) f>Lw A >. ^ .> ^ ^jtf p 

: ulT lij ( S 
Va,«,teS { s,t ) ep => (as,at ) ep 

: dIT" Ul (right compatible) <Uab*»U 5>l* ^ioj ^ 

Va,B,teS ( s,t ) ep => ( sa,ta ) ep 

: Otf' '^i ( compatible ) Mfr.**.* 3 
VM%M'eS (s,t) , (s',t') ep =*► (ss',«') ep 



: Jdlj ( a ,a)ep aeS £*o ^ (s,t) ep ol^ ^1 
(sa,ta)ep (ai,at)ep 

. p <jV 

: j <jt; ^-ij k-* liil ^ p ^itf" ISJ I J» ^,£11 -OUT 
(s,t) , <s\f ) ep 

t-*i p (ji ( ss',ts' ) ep t>!» 

TjL-» p £jM (ts',tt')ep j 

. 5^Cp (iS',tt')6p ylblj 

-^-f j* A/p H oi» A UyJL Jp >£J i»5U p ^IT la] 

: oli a Ji-I ap -j !»>j liU < p J <~Jt A >ISU ci>L# 

A/p - { ap : aeA } 
A/p ^jU-itj*^ ^1 p A ^jjLm lij*J>- \+* JUL oij 

i^-ti juj*; ois^-VV 6i» s J* I*'.," p j jl*; s ^ Uj 

: J* % dtoj s/p u-UI r> > Jil* jXi5 

- Wt - 



Va,b g S ( ap ) ( bp ) - ( ab ) p 

: 6 U va,b,a' s b'eS & & Ij^- o j*a ujlUH IJi* ul 

ap-a'p J bp - b'p =*> ( a,a' ) ep A (b,b') ep 

(ab,a'b') ep 
^> (ab)p-(a'b')p 

. i r } *J*i J,UI ^liJI £. s/p TiJ 

<p : S — S/p J a — »> ap 
. S/p Jl S i-^-y jl XJjjUJI JI'jJi ^JJ 

5>0 S/p S iyj uuoijfc ttaijT p cJIT Ul ( \ 

ya 5 beS (ap )( bp ) -(ab)p 

<p :S — ^ S/p j a— »ap 
6l$^rU*tF : S T cWj S/i uL«i T cJIT Ul ( r 

X:S/ ff -*T 
- W - 



♦ V tfJU j*X t£**Ol< 

:S->- S / <j ; x x<y 

. iiUI j ^ all ( \ 

: v^,yes ( r 

<p(xy) = (xy)p = (xp) (yp) = <p(x)<p(y) 

z = xp : si-^ xeS -A^i y Z e S / p dUtf" 

) S J* >fc3 i»U \jr Sl^ ^ ff - IIToV-* 6l ( t 

( a,b ) , ( c,d ) eff ^ a, b, c, de S ^ |ij 

^•(c)-\lf(d) ^ lIT(a)-Vfb) 

Til 

V(ac) = \F(a) V(c)= V (b) ljr(d) = W(bd) 
( ac , bd ) e <j Jtf^ 

X : S / <j T i x<j \jr (x) 



I X(x<j)-X(y<j)] <*> [ V (x) = W (y)] [ (x,y)e ff ] 

: ^ 115 x a& 
X(X(j.y(r)=X((xy)(y)= V(xy)-if <x) W(y) . X(*<r)X(y<i) 

X(S/ P )-V(S) 

6l» xe S ^ (o 

X9(x) =X(8(x))-X(x<j)- V(x) 
X8 ■=¥ 

JJluSr (pi - S, Jb S ,yi jte JfLiiy , ♦ j*J (Jltfwf S S ,S„ S ^ 
«JU>$ JTLi? a>£4jtd .ker <p x c ker <p, £wsu ♦ S 8 <jk S g» yfe 

. <pi(x)-y ^ XeS JU-ju 4lU ye Si 36** ^ j*£ <p t t>l U 
: S t -»» S a ; <p,(x) (j>, (x) (xeS) 

<= y i = f i ( x i) 

( Xj,x» ) ey,o<p t -» <*= (x^x,) e ^cxp," 1 

- *Tt - 



: xeS ^Cj ^ Q <p t - <j> s 
6<p t (x) - ((p^x)) _ <p,(x) 

8 [ 9i(«)f ,(v)J = [ 9 4 (ov) ] - <p 4 (uv) 

4 - 9«(u)9,(v) « e (f »(")) 9 (<j>i( v )) 

: pi£pa «^*aw S tjU ce**V P* 3 pi 6«"UJ 

♦ S /p, JfLi? S/p t 

f t : S -» S / pt j x xp t 
<p g : S-»* S/ p, j x xp, 

( o i.jd» >J1 ) 

: pi-<piO<pr l c4 

(x,y)e<p t ojp 1 - 1 <s=> <p t (x) = (p,(y ) <^> y e xp t ^ (x,y) ep t 

: r \i JTlS f)U» fc»jd) 

- U» - 



S/pj-»-S/p, j xp^xp, 

6 fi - «pi ^JL 

: JiU 

: G > p ifiWI t>i» G Jj-j 0* Jj-j H zWV*\ ( T 

ya,beG (a,b) ep <«> ab-'eH 

• G <> Ji'y ^ 

. iLjJI ^JU, cU J*rf G J* ^ JT ( v 

G / p - { Ha : aeG } t>l ( 

: J* If p *WJI S J* . S ^Juai j Ull. I 

V a,be S ( a,b) ep <=> [ a - b V a,bel ] 

: Ob • S Jf >U3 p 6^ *U~> JfcJI tf=t& 

S/p - {1} U { {a} : aeS -I } 

. Rees Ji'> <y*-> *W*JI *i» <j| • J* 1 j p J J r JI i>" if 

Jw»> S/I y^j Rees J»ly <j S/p Lijfi S/I SiU 

. Rees 

. ( dUi & jii ) . i / l»L. T^u <iU« s |I J j 



po<j = <jop 

^ geG >j^y { jHL m (a,b) epo<j ui 
( a>g ) e p A ( g.b ) e <j 
Til . o^lj oI» jijj^ij £,LLc ^liiljJ ^ (jUily pj a ^3 
( bg^a.bg^gjep A ( gg 'a , bg-'a ) e ff 

of / 

( bg-'a,b) ep j ( a,bg-*a)ea 
( a,b ) G(jop 

poff c crop »i^"fJ 
sop c po<r ^ JiJJI 

: ui» G o* N \»\ 

p N - { (a,b) eGxG : ab-»6N } 

_ HV _ 



*p N = Ng uli g eG rfZ W*j . G J* J»ly 
N-cp p-p N 6.li G > tlily" p ^IT lij (t 
: G o« Cv-W <^J>- Oy>j NjM jJlf 'S| (r 

P M °Pn"PmN pM n pN = "pMnN 

l(a.b)6p N ] <^[ab-ieN] a ,beG ( ) 

(a t a)ep N Jti^j aa~« •= eeN b]> yzeG ( T 
(ab-'j-'eN Jl% a b-«eN <= (a,b) ep N (>_> 

ba~» gN 
(b,a) 6 p N 

<= bc-'eN A ab" 1 eN <j= (a,b) , (b,c) ep N ( 

(a,c)ep N <= ac-'eN <= ( ab-«)( be -1 ) eN 

• (agXbg)- 1 - ab~« ul» Vg eG ( 5 
(ag,bg)ep N <=- (a.b) ep N 

- HA - 



. geG a<S ^ gNg-'-N <^l% 

•J 

— 

gab-»g-'eN <s= ab-»eN <s= (a,b) e p 

geG tfZ \f Siji 

(ga,gb) ep 

? N Jtyj tfjU j\j Pn U] 

; >&^l o> (* 

gp^ - { xeG : xg-'eN } 

- { xgG : xe Ng } = Ng geG 

. G <y IJii Ufr i r j cJUlj N-ep u° jo (t 
: til tfl (xy-Syy-tJep ,^1% (x,y)ep $1 x , y6 N oi 

. G Cf N xy-»eN 

: ^Jdljj (x, e )ep <j|» xeN iC ge G <yC ^ 

( g^Sgeg-'Jep 
• G (>* I j»j N J# gx g -»eN & <$\ 

xy-*eN (zySyy-Oep <=> (x,y)ep 

j*j MN u. — * G 6- jjiJib icJj* jyj-j NjM ^ li] ( T (r 

. ( dli cJl ) g »>• Uj.. 



( »,b) ep M o p N ( 3ue G ) [ ( a,u ) ep M A (u,b)ep N ) 
=> ( gueG J I an-'eM A nhr^eN] 
=> a.u- l ub~ l ^ab^eMN 

* (a ' b) E PMN 

( a > b > 6 P MN =^ ab-ipMN dU^T 
^ ( 3 meM ) ( gneN ) ( ab~» = ran ) 

a = mnb ^J_Jj ^Juu ab- 1 == mn ui 
a mu £)jf^* nb.u J* jii 

msaau-'eM n = ub~ 1 eN 
(o,b) ep N j (a,u) ep M 

PMN^ Pm°P N V^Vj (*' b ) e pM°P N 

6) ( V 

(a,b)€p M np N ^> (a,b) ep M A ( a »b) ep N 
ab-'eM A ab-'eN 
ab-'eMnN 

< a ' b > e P Mn N 

Pm n P N = PjJnN 

- IT. - 



Green 's relations tf jt oUftte ( — f — 1 
\s\ £ 4_ftUi» (jLLjj* ^1 S S j* j ^U) <>• bja (>_.^ <y Jjii 

a,beS [a^b] <s> [L(a)»L(b)] 

. ( a- Jii£ ) . S > £ £>\ 

a,beS [atflb] [ R(a) - R (b) ] 

a,bsS [ a J b] <^> [ J(a) « J (b) ] 

<ft = { (a,b) : R(a) = R(b) j a,b eS } 
£ = { (a,b) : L(a)„L(b) ja.beS} 
3 - { (a,b) : J (a) = J (b) j a,b e S } 

: oi» S3 c ^ ^ d& . S J* 

(SaUa) c- ( SbUb )c <= SaU a =SbUb <= (a,b) e£ 
(ac,bc)e £ <s= L (ac) - L (be) <s= Sac U ac - Sbc U be <= 

( ca.cb) etfl <:= (a.b)eiR 
Ja&jttl [ (&,b)e(H ] (a,b)e£ ^ . S iy} duoi ^ a,b tfj 



[by-a j ax -b] yb-a j xa-b 
abv=ajxay - b ^waw x,y,u,veS» **_>j UJ Jattj U1 (a,b)e^ 

af,b => SaU a - SbU b =*> b e S'a A aeS'b 
=> (gx,y6S»)(b-xaA a-yb) 

J..R..L, : jj'J\ LA j,ju. ifcWI oil ^yL, ] 

: ae S 



a 



L, - { xeS : x£a } 
R, - { xe S : xtft a } 
J, - { xeS : x^a } 





: J jjJLl i» jA. 
a b c d e 


a 


a a a d d 


b 


a b c d d 


c 


a c b d d 


d 


d d d a a 


c 


d e c a a 


Mb) 


- { a , b , c ,d, 




{ a,c } 



R(a)«{a,d} 

R. - { a,d ) 

J (e) « { a , d , e } 

Je - { C } 

- m - 



<T)JUU 

s c& 



dliT 



'-CM 

if ^ ceS ^o-jj 4JU ( a ,b) e£o(K of 
(c,b )e£?t > (a,c)e£ 

: x,y,u,veS' -u.^ tfl 

c cu = b bv = c y c— a 

au = y cn 

a= y c = ybv= ycov 

uj* ycu«=d Ijli 

<* v - a j au - d 

y b - yea - d 

xd - xycu -m xau — cu — b 

( »,b ) e dlei? 

- 1YT - 



92o£c.£o92 
2o92 = 92o2: 

: J ^ (r) fc^L! J| ;>JJ J^ 

92 j £ <y StT >jp sau ^1 ^ 
^e-2:n92> J H ? 92j£ >KJJI jftfc ^Ud yj J>^ 
a tfjrf }i£J <-*-» ^ H, «■ L, n R, ^IWVj 
: J 6t JrJI a- di 

: x,y,u, veS 1 a^-j. ^ (a ,b) e 9 b\ 

xay »b j ubv = a 

a - (nx)a(yv)-(a X ) a a(yv) i - -(nx)'a.(yv) f - 

J 

b - (xu)b(vy ) - (xu)*b (v y ) 2 - - (xu)'b(v y y - 

- \Ti - 



: m,neN i» jjs S 

. S j o\±*\*- (vy) n j (ux) m 

a - (ux) m a (y v) m -(ux) m (nx)° a ( yv)™ <= (ux) m a 
b-(xu)°b(vy ) n = (xa)° b (vy) 1 (vy)° = b (vy) n 

: U& xa — c 6^ LLiy jli 
a -= (ux^^xa = (ux) m-1 n.c 

. a ££c Ti| 

b - xay - cy 

c = xa «= x (ux) a (yv) j 
-(xu^'xay (vy )"v 
-(xu) n+1 (bvy) a (vy) a v 

-(xojr+'bcvyrvr'v 

- b(vy)°~ 1 v 

Til b92c 

(a,b)e£o92- dD 
= 9 V*\ & c& <y0 dfi 

(•> 

yaeSdUijH cD j L U R cD JtfUjL cD j R cD £>1 ^ 

ft A ft ft A * ft ft Aft- * 



L y i Jup -92 j* R x < S S y>J <Jua* £ &j*i*> x jy £W til 
$#u(zeS )D Z uu» o>3 til JuSj U] R, U L y ^4>^ . du»_i? 

. R x n L y ^ <b I J*j£to pjl 

' zeR, nL, ^ zeS R, n L y ^ <f> 

.R,cD, i} rfT atiDz JkS\jj i£i a 92z cjU R, jj* a ^ 

.L T cD x 6^ bd?z z92z ^ bj& ui» L y Cy* b,>C 

. R,U L, cD, ^ zeS J^j i^/ :J» >£M 4«Uf 
: neS j**^ x^y ^ x,y eD, b\ 

R a n L y <b ueR, JoeL, ^ y £u s n c «x 

on**,* 

R.n L,^4>att (x,yeS)S 5^0 uuu ^ jttjC? ^iu* L y j R x & UJ 
: £t R, n L *^ <t» U» ^OJiT x(©y o» ti]Ja&jti| 

R T n L, *jk <b xd?y R y n L x 96«j> 

R,f)L,^ <b <=> ( gzeS ) ( zeL, A zeR,) 
<s=> ( g zgS ) (z£ y Az£x) 
<s> x£0y 



6*3 

X (Dy <^ ( a tie S ) ( x£u An^y) 
<^> ( a ueS ) (ueL, A usR y ) 
<s=j> L, fl R y ^ <}> 

L a L b ^ <J, «bj L b ^IJ L , ^ cp 4lb J>y ( 1 

y92^(y) £LJyeL fc ^ U^.j xtttf (x) C^i xeL aC ^ U^»( T 

: ^L-rf S 1 <y s' js ju-jj til a 92b J U (0 
bs' = a _> as — b 

. xsSb xs2*as ^U)t?j XjGa ^L»U X eL a £<j ^ 

. xseL h Ii] 

ys'jSa tft y s '£bs' iUt^ y £b ui» yeL„ <yC ^ dlliT 

. ys'eL Tii 

* a 

cp : L a — *■ L b > x — *- xs 
^ : L„-*L, j y— »-ys' 

- 1TY - 



x-ta ^f: S 1 6* t j>*>* zj>-j> xeL a dl 

y-ub >1~£ S 1 (>* « ^ij y6 L t 

<p^ (y ) = <p ( yi' ) - ys's - nb i's - uai - nb - y 
^(p (x) = ( m ) - xss' - tass' - tbs' - ta - x 

: <jU L 6* x o^. W* (*) 
x- cp(x) .s' j cp(x) =xs 

x9e<p (x) T*l 

: jU yG L 6 W*J 
y-^(y).s 4;(y) = ys' 

. ^}\ ajJI ^ ^ L 6 j L a o.U L b il L & JjU3 ? oU (f) 
I Atld a 2b C^su S iy± Juai Oi-r*^ 3 a 

.y£cr(y)t>« ysR„ U*uxp£(x) ^R.cH 1 x o*-W»<t 



H b J H a CM ac0b &«eu S Sy»j uuoj ^ jy^aift b •» a ttl 

: CMjJ) 

. c£b j a9fo C eS Til at£>b U 

: s,i',t,t'eS Jl^b 

as^c cs'=a tc - b t'b <= c 

(p : L a ** L B j x — xs 
d : R c R> ; x — *- tx 

y£s(y) u.U yyeR e J x%p (x) ui» V«eL a ^ 
x92<p(x) j a92c x^a £>l» V *eH a fci 

• H 6 J 6 Ji 1 * 3 J* H c J* <j £>1 ^ 

• H „ > jji* j» h J* (jo^ G tw j^JU 6 u jua., 

. ^^'jll joJI ^ \JL H . H U| 

(1©) 4lfcj** 



cp : L a —*~ L ab j x — *- xb 
♦ 4-Ji H.JbH. ^Jjttfj.H. Jfc 
1 3LJ\jto C& abeH 6 oiruidtur 

a : Rb R»b ; x — ax 

.4*-Ai H b Jt Hj, o*J»«i j» H b J* 

: JjlSJ ^ ^lldl, H a = H ab j a92ab ui» abeH & 1*1 
<p : L a — *- L ab > x —*- xb 
( U ) *->ju H =H b > J>li3 ^ H J* .j^j ( U fc»ju ) 
JjlB J^-jg yJblj H b -H b j ab£b t>l» abeH b ulf ^ dUiT 
a : Ri> ~~ *" R a b i x — *■ ax 
{ U ) H b -H b > J.IA ^ H b Jp •jj-J.j ( >r Uju ) 

(H) **** 

H 2 n H - <t» ^Jw ^ Uli S » uLai ^ uu« - « ^ H bj 

:oi s 

♦ S j* 4J$> 5 jttj jftj H 2 = H 

: *u jJi 

. abeH a,beH <jt j^e oli H 2 n H# <f> ,> ji ; 

<p : L a — ^ L ab j x — »- xb 
. ( abeH - H a ) H g H a <>• JjlB y H ,> 



<5 : R b R !lb i z — ax 
. ( abeH - H b ) H b J* H fa a* J*&,* H b 
. hbeH j aheH o|» heH 

cp t i L a — L,ii ? x — » xh 
. ( aheH = H a ) . H > H Ji lS5 j» H Jf 

ffl : R b — »- R h b j x h x 
( hbeH = H b {ft ) H > H (>» JjlB H Jp 

Hh ■= hH = H 

. heH £*^3 ^ 

uL*-2€ Jl^^iU^OJ SSyJ uuu ,yi >>Ufr ab jb ja cJlT 1}1 

♦ S CH» ¥J> 5 J-C)H |^ H 

: ^ S J v.i„rt; £ Tori* f jo+c. e UJ 

Jd1X=l1 <Jua) ^U-i L. Jdti^lt uuaJ ^Ui ^jL* c < 1 

♦ H„ jM£lt ti-al ^l*>iRe 

- MS - 



: <^jJ1 

x-yc *i-*f y«S Jktyj SxUx-Sc uti V x e L e (\ 

xe = yc J = ye = x fc| 
u-cv veS J*-y m tjtyj nSUu=eS o|» v u£ K. 

eu = e 2 v = ev = u \' b \ 
: zeR e A z e L « oi» yzeH, 

cz = ze — z 

. c IfcaU S a* iJj^. H e JWtj eeH. 2 flH e £>J (t 

. H e iS j£ S <y* S j G u*jAj 

. G t&>L»- ^» H tfsL* Ji £2, G=>H. ui 
: ^ g^eG a — vg eG uV 1 

ge = eg- g (jlj g" 1 g - gg -1 = e 

geH e <*= geR. j ge L p fcl 
. S o* Gs " H e J^Vj HdG 6^ ^ 

: ^ s j ^daji j*n ^.jji jr ,>\ < t 

{ H e : e 2 = c , eeS} 
- 1ST - 



♦ LR uua —tO 

■ CMj^ 

x .12 a oi' x e L ^* 
y 92 b oi» yeR W*-> 
ab 2xb til . S > ^ J»1 y £ ^ 

ab92xy Uj . S J* J*\y 92 

ab<£>xy Jtllij 

. LR iS A*-; *it tfl 

S ; r j j ( Xj yeS)L y jR x >IP ^U- tff ^J»UB <j1 Uii*.V 

. a*l ~D J tjSC Uo^ tfl , x^y LJU- ji. Uy*£ j» 

. —92 ^jc-^'j — £ j* - ^ rfl 

i.^ d i Slj^i JT* — e^jtf {R,:iel} t><3 

. 92 i&U 

D j 51 j^l >ISUI Jji^ JT a — { L k : keK } 

. i 



k J' 



JO . JS" 5 ^ J* t-^-U k-U- l/^ 6 { IV i^jjU ) ^j* <X 

£ ji j£±j J,l ^ COUaL-s iiiWI ^»£L3 «-»^-»-» J--s 

J/Ci ^Lm CO i&UI c>» S y <w>y JSC Je ( j 

. S »— A-AJ ^jC dJuo- 

(V) JtJU 

: J jai-t h j*» iy j ^i^ai s 



o 
e 
f 
a 
b 



O O O O 

o e o a o 

oof o b 

o a o o e 

o o b f o 



: 61 



£ - { (o,o ) , ( c,e ) , ( f,f ) , ( a,a ) , ( b,b ) } 
92 »*U{(e,a)(a,c),(f,b) 5 (b,f) } 
<X>= iU { (e,a) (a,e),(f,b), (b,f) } 



- m - 



D 



o 



e | a 



fjbl 



[L. < L „ ] [ L (a) c L (b) ] S/i D J* ( T 

S/^ > ( V 



a,beS 

a,beS [R a < R b ] <s=> [R (a)c R(b)] 
a,beS [ J a < J„ ] <«>[ J(a) c J (b) ] 



L < L 



R <R 

ax ^* a 



Jxav ^ Ja 



x,yeS> \t<*j aeS ^ 



t$\ Jj^j |i U| { minimal ) tjijiuef be B j-aiJ 

: tff . y<b ^ yeB 

(V yeB)(y < b =*> y~b) 

>SJ \t*W3>J> Ji* Lf\ ( A,<: ) *Jl^ j« ^y? u e J J* 



U - f (o) ^ 



_ Uo - 



- J 5 * '<>i ^ well-ordered 

( mir^ , min R ) min L : J* Jfctf t f I s Juai a* JyC 

( n)*Lftj-» 

ijLJI L-Jjfi oUtll fcyf ^Ju U s» u 5 ^ dfc . UT OjLUI ujL^I 

. L(i)=s' *iuvi s ^jUJ JjuJIj 

. taU T > dUi S <j1 

: iL-f; p , q , r , s e S zj*- y y-o*> ( a,beS) a^b d>i 
paq as b j rbs = a 

A = { xeS : (a y gS ) ( xay = b) } 

B - { L x : xeA } 
. s/c ,y if}*- u*j 

. tiy m in t J^jiJl Jl* S Oi 

- in - 



. **** L e C/^J t — Tr* 1 * B TiJ 

: J veS ^j>_ 
uav = b 

uruavsv=b j ruavs s a 

. L gB JUL, 

urn • - ■ J 

( J,UI J^l >l ) L urQ <L„ oi ^ 
L nrn = L a Taj . B <j J JlJ L„ £*C) 

L„ = La rU <C L ru = L B 

• ( S £s J»1j3 C ) rauv.Cuav U] 

rbfb J tfT 

atftrb rbstftrb 

ad?b Til 

<&-p TiJ 
. Ja2t Ja-I j ^uo ( _<ft j —£>) Jt ^ 

- UY - 



* *^*Ti ut' «J»LJI i-Jtf w » ljL_j Ua._j ^x^j JT J 

* *^~*f erf* il^Vj *i»LJI L*U* u » Luc Ala — » »^«J ^irfo J5" > 
Regular Semigroup <u42tttt • ^ — 1 - 1 

Jt S Oj*. Ijl ^»Uu S iyj & a ^* J^aI 

. axa - a : x j^uc 

j^a] <=> [ aeaSa J ^ 

• s 4 </*^ J* - *-* j*eeS Jut*, j^a^ JT J**^' ^Ju j«lJ! J* Tal^l 

: xeS -^^'i * S i t-lki t^aU a *tf J**-* ^ 

: 6l» J^b axa = a 

- UA - 



(jl f =xa j c — ax 

e 3 =■ ( ax ) ( ax ) = ( axa ) x = ax = e 
f 2 « ( xa ) ( xa ) -» x ( axa ) = xa = f 

J IT 

af sb axa =» a j ea = axa = a 

: Sij*j^i j a ^Ui} <y» jJjII (/ — Sjll tfjt-JI la* 

L(a) = SaUa=Sa 
. (ea=a w-^ eeS "jV d!S ) 

R (a) = a S U a = aS 

. af=a feS dUi 

J (a) . auSau aS u SaS = SaS 

: fe S 

Sa » Saf c SaS 

ot ; eeS dJUoT 

a S 3E eaS c SaS 

Otf < tt] Jiiij W < t_~*Uaj ^ S SytJ v ^ a L» 1 

♦ c UMj 1uJy» U*t> T j-alc 



jas, ax»e u>^--5^j axa = a xeS *>l» L.ll*i a ufc" b| (t 

. ea - a «^--»tJ S j -**U- 

: aeeS j e?aS ui 

R (a) = R (e) 

: bj, af =* a si*-*! S -uL» j^-Lt xa -> f SijS~ 

L(a) - L(f) 

eeS J*->> «~>1 ^jC*!! (j^jii' (f 
R(a)-R(c) J e*~e 

x,ye S 1 ty 

e = ay -J a* ex 

ea = c-x = ex = 3 
a = ea = aya 

: jciie- ju^ y eS l l« 
juU> j^a-c *SM ^-Uai j^s e=a ^^.5 y = 1 ( ^ 
jt» aeaSa Oj^~* ye S (v 

UjLil 6 << J« } iJtJI ia^JI ^tuJ XfcUl iUjdl J* U*l 

» e Urt» T ^-alc ill* ( 1 a ) 



■^2—* ee S — *U» j^ilt j»- ^ S j L»lkl t^alc a „ 'jl^ la] ^ i 
R = R ^ tfi R(a)-R (c) 

a e - 

ci?b j atflc ceS j-alt beD ^JCj ^ 

L = L jR=R <jl tfl 

e fa c I w TT 

j^b.j*.^ . S j^Uw c £jt R c =R e 
• s 4 s?*^' J"*- c b ^ L fc = L f Til L c = L „ L c = L f f juU 

D (| <£^* - x° tfl Lj.D j JL* -<R <$> R i yCJ ( Y 

: a e R n L J* ^iJ . ( ^ ♦ ) R n L <b <jU . Liul 

R »R j L = L 

: Z-~*> ( i^jdi ) e,feS £>I-uU o^j*** * 

R =R f j L -= L 

a f a e 

. feR j ceL Va\ 
Invers Semigroup $ jWJL41 i j*jM UbM» W — Y — 1 

( "\ ) vityrf 

^l} ) C>*J**^» \ct ^ S iy j b j a q ^ J>ti 



bab = b 



: aU^Jt 



^.Ik; y aba=a u[» S ] b Tjrvkl diit a <jlT b] { 





aba a a ( xax ) a = ax ( axa ) » axa = a 

bab = (xax) a ( xax ) — x ( axa ) xax = x ( axa ) x =xax = b 

* 0*^" VjJ (^1 ♦ S ^^jR^t^U* UlS* lit JaSajbt s 

aba — a A bab = b A ab = ba 



: i)U e IgsL*. S <>• G *->*>►• 5 j*j j crjtUL. b 



j a oir ii| ( \ 



ab ^ ba = e 



bab = b j aba = a 



: ^1% 



ab -s ba J bab«b j aba— a 

. S j Jul*, j^fr ab = ba = e <jl» 

cb = be = b J ca = ae = a 

bab = b J aba = a ^ 

. a,beeSe Vs\ 
ab = ba = e ^fj 

( y \ ~C*j» ) H p U jU • J ul a* b J a £>U 

generalized group iyj ^ H«Y f U V.V.Vagner JlU oil 

ef J fe £l£ S » j*j uu« £ (U-j»b. y^U* fe ef , f , e C^S U] 

ef ( fe ) ef - ef 2 e 2 f - efef - ef 
fe ( ef ) fe - fe 2 He - fefe - fe 

- UT - 



U*U Sjels. ^ 6b tJjU ^ ^ ( t 

♦ ii jl>Ul» » j» j vi*ai S ( f 

: o\Ajj\ 

L-u T^: e jrti j» d% s J ( ) ^ jr 

( ^) ^Jl^yi^cll ^i-J d \j JA 6)ju u I W f?c J 

: R. 

R - eS «= fS 

f =»f 2 e fS j e ■ e 2 ecS 

: x,yeS 4*,, Ti] 

f = ey j e = f x 

: JUlj 

ef-e 2 y-ey-f ^ fe - Fx - fx = c 

c-f fij C f«fe ^ 

. ( r. fc»ju ) uki s & Jia JUyJi ^ {v 
• (tt i^ju) jrin > Uij T^ii dix s j ^ jr Til 

: 6i» S t>» a j^J ,>jUi b jc ( yCJ 
aba = a , bab - b , cac - c , aca -= a 

: ca,ba,ac,ab Ti) 



abS =aS = acS ) Sba = Sa = Sca 

f <ibi j* T^i ) ba = ca J abasac t j 

b — bab = bac = cac «• c 
( YY fc»ju ) L-tk s 6l» » »>j s ^ Ul ( 
a yl u^fcij . S j ol^l^ f ^ e u 1 <>jiJ 

TiJ . ef 

(ef) a (ef) = ef j a(ef) a = a 

: oj^* b - ae <jt ij* j*-J 

( ef ) b ( ef ) - efae'f » efaei'= ef 
b (cf)b a ae J fae = aefae M ae =. b 

Til . sjt\z. s aJCI 

ae = b = a 
: jl fa = e <jl ,> yil dlijf" 

(ef ) c(cf ) = ef J aef-efaef-ef 
c ( ef } c = faef J a - faefa - fa - c 

. ef ^Ul >T j&> c ui» jWkj 
f a = c -= a 

of j^j 

a 2 - (ae) ( fa ) = a ( ef ) a - a 
S j jf> ef-a cpi a J U»j 



. Li/ S j (j'-**^ o' 

jftJ $ . u 1 fe->ef oi* ( r ) *IjUI "Clp\ 

ef=fe T^l i J»\Z* S j *-i*> 

( r* ) 

f a-l)^ 1 = a 3 ( ab)-l =b~l a-1 
SenSf- Sef - Sfc 

. ( a" 1 ) -1 « a • j^UL. » r j ^ S j c> ! a" 1 j a <jT U 

(ab)(b _1 a _1 )ab = aCbb'^Ca'^Jb^a-'aXbb" 1 ) b - ab 

(b- 1 a-'XabXb- 1 a -1 )^ - ^ a^aXMr 1 ) a -1 

-b-^bb" 1 ) (a~ 1 a)a- 1 -b- 1 a -1 

( <jV:>U. ly S j u 1 bb" 1 ja" 1 a ) 

b V 1 -^)" 1 
itfl^ ae-af-a jl» aeSenSf 6^ (Y 

- - 



aef = af 2 = af ■= a 

^> d>\ aeSef tft 
SenSfc Sef 

J jl — -Id- jaa ef ) acf «= afe = a o\* a£S ef Ijj u J^.»i\i 

: gii ( JjtULi S ef=feJ 

af = aeF = aef = a 

ae =s afe 2 — afe = a 

SefcSenSf^-j aeSenSfultfl 
SenSf-Sfety fe-ef^ . Sef = SenSffei 

< n ) 

c**} S V? >^ ab ^ S V? Oij 1 * 1 ^ b -» a CjU" U] ( Y 

1 ^jsu R a n L c Cwjw D •Lj.UiJ Uu» -tf> ^1 c j a ^ ( V 
a' f ^ tfpu H c £U f U*l» \ £po L a nR ;<e 1jmI> 

: £f C*-aw a J 

a'a «= f aa' = e 

: o^jJi 

bab = b J ab a = a jl* S i ^J* 1 ^* bJa <jf k (t 



R (a) ™ R(ab) Taj . abea S j aeabS d[ 
L(a) = L(ab) Ti[ . abeSb J be Sab f 
. a(0b J^b b&b J a<3l ab 
.{XS I:*ju) ^Uw oL» D a J^b ( TY ) tf*^' s<*** a ui 

S <i ^»^*^- u' j-^ e ba J ab <jt» bab = b -> aba = a <jT ^ { t 

. i^l ijiill cUjc i| / abeR n L b ui.j 
R(b) = R ( ba) . baebS ■> bebaS q\ S^jf 

L (a) = L ( ba ) Til . baebS J aeSba ub 

baeR nL Ti| 

( 1Y *-»>•) ca = a Til eeR a nL e ^ ^ (f 

( ^ y ) af-a oi* f eL a n R c oT U •iW^' 

: ui* ax=*e J xeS 1 a*-^ Til <■ edta k 

a ( fxe ) a «s afxea — axa — ca = a 
(fxe)a(fxe) =c fxeafxe « fxafxe — fxaxe =* fxc 2 = fxe 

. S <| a a' =fxc 6[» J^b 

aa' se aixe ■» axe = c 2 = e 

Til • f=y a ^ y eS ' -^jc v^Vj ai?f t>l f 

a'a = fxea = fxa - yaxa - yea - ya - f 

: fc| . a'eR f Ja'eL J <£Ni <>• ^ 



a'eL, n R f - L h R c - H c 

ul • H q ***** — 3i J,[ (jl-JIj a" j a' <>j*& a jjl *^ao- ^ ^ 
uUw a' j a," ii^R nL q J} uUu S <j a"a jaa' 



aa' eR s (lL, ;BS R,nL, 



aa'sR, fl L s „ = R 4 n L q 



at r 



. { ) aa'=aa" yJUtj 

( ? ) R q n L r uU^. S i 01 W a"a J a'a 



: Til 



a' c a'ai's a' a a" .=» a* a a* — a" 



D »^aJU a' j a £1 **>jb] -tB j U] D a>1j 



a'a = f j aa' — e 
oV ) ^tkJ D <jU D Ju*l j -i^ <j f e uiT li| : J» >SJ1 fjjl 



R f n L e ^4> it.fi L f ^<f> 

. Rf n L <j* L j-alc c j R fi L f (>• U j-«aic a j*^ 
R = R jL f = L *R f =;R * L = L jtj aeD ul 

c a 1 a "* 1 c J e e * 

f e L f fi R f = L n R 
eeLHR-RnL j 

e i' a c, 

J^-^ a a! u-»-_5 t>k) H u|» *3t* t — H Oj*U 

a'a B f _j a a' = e 

. { b'gD JUI?j H t s D <^ £*>j ) 

^-*J S j cr>L^- Cr^c a' j a ulT J»^J1 A-jUT 

: ui* a'a — f j aa'— e 

( rn i^ju ) e = aa'eR n L / 

* • ' a a 

( n ) f ■ a'aeR / n L 

. ctffi fj? a j etfla J^b 
Jl — R , = R f cD dAJiT e ,feD Til LcD jRcD ^ 

TT " a 1 — a 'a * — a a — a 

. _ <£> j f , e , a' , a 

s s^juUw^oi-^ b J a c^ttjc 1 ) 

♦ U*l> R b n Oj> UJ Jaidi tt} abeR a n L b 

- n. - 



aH -H b-HH -H L 

o a a h ab a b 

. (ab)b'-a b'e S j*Zs. ^blj 

; ( \r i>ju ) j^-fl*:* jjLU; a^*.^, ^JtL adlab ui 
cp : L„ — *- L al , j x — >. xb 
t|> : L ab — »- L a j x — *- xb' 

{ ^ T i^ju ) b dl ^ (b) - bb' ul 4, (b; = hb'e L «jl 

. bb'eL OR ol» 

,1 b « . •-' 

x = ^ <p (x) = ^ ( xb ) = xbb' 

bb'bb' = bb' o[> x =bb' L.JC* 
L , n R b s i j-^ bb' 

: ui» e T-uU. I ^ 4^ 1^ n L olT 'i) : Jj^^JUjUT 

: Jjlil -^4 e<ftb ' 

( >r Oju ) <p : L — L b ? x — xb 

. ab gL <jL» aeL /J U 

b • e 

. ( U adl «p (a) ) abeR^ ^ 



abeR ft L f U 

. C T**U. ($3* R b nL a <jl (r 
ce R y n L x y 6 H h 3 X6 H olf W« 

: Jfc% ( L , — L a 3 R y = R b 6 V ) 
xye R^fl L =- R (1L, 

' a b 

: <lJ ill ^-ai U*j 

H s H»cR,fiLt 
H »i.- R a nL b J^b abeR (1L 6 

{ \X ) J;U; Jb^jJ abtfta J U 

: L a — +- L ab ; x— »- xb 

J 6 H ^ J,liJ y H Jf | j^J- o|i 0«) i>jdl 

H a b = H .b : 6 ! <s\ 

or •* Rh — ► R,b j x — >- ax 
: at ^ • h b J* H b cr J;* ^ H b > „ j^i- 

aH = H . 

b ab 

air 

H beH, H b£ R a L l = H b = Hb 
H b-H H b 



aH b = H b = H ab -H a H b = R n L b 

a J a' jjaw R f flL p( iJJ R nL f ^ a & ( \ 

a'a = f J aa' = c 
xaeH a 0^ aeR, n L f ^fc U^»j x<sH e ^ ( f 
' ayeH O'H yeHf Cr-*? l -M*J 
aya'eH a'xaeH f 
H f Jt. H e yWi? JAJli- : H p — »-H f ; x a'xa 4»UK Cj] ( t 
K H^ls JL> J1 ^Ju J ^p~o-BC K j H cJlT IjJ ( $ 

. R f n l e =H c <jt J»j^ . ( n ) «of R f n l gfe <|> ui ( ) 

: o|j atOc ui» aeR nL ( ^SC ^ 

fe R n L . — R n L 3 ceRnL-RnL 

ilea eenc 

: ^-^ ( n ) a J a' TjgliJ <Sj* H. 

a'a = f j aa' = e 
: uii ae R yL ( » H ^-j xeH ^ ( T 

a'€H =RflL 

v f e 

R.™ R ™R * L„«»L L / 

e « e a 



i 



I 



: ul» i^b eeR nL -R AL. oi 

? e a ■ * 



( TA ) xaeR.flL =R flL = H 

a « f a 



eeR n L «= R nL^R n L, 

« f a a a 



( r A ) a'xaeR .nL -R flL =H 

* a xa f f f 

aya'eH f o\j ayeH <jU y eH f icf <it tr* : ? 

r: L — *- L j x — »- xa 
e ea 

. ( R fl L ( j» ju« j«a^ a ^ ! i j } 

H H (>« J* IB h Jf cp iMl j^-i. fct 

; j*u> a ;jff ^ur 

ff : R — *- R / j x — *- a'x 

a a a 

^b • H f J» H a <>• J:**** H > a j>^6b (a'a-f ) 

: 0^ Hf 

6 : H f H f j x a'xa 

• H f > H «j- J>iSi y 

- HC - 



Q (XjX 2 ) = a'XjX.a = s a'x 1 ex a a-= a'x.aa'xja — Q (x 1 )Q(x J ) 

. u^k- H f 1 H tft H f * H. % 

^ _u0 J'j-ii j ^iji^ -<U' J j- j K.H \*\ ( « 

. f ^CJ j IjiU dU£ K j e bal* ills H 

. u l;J^ K= H f j H = H c'^i 

< V ) «fc>*» 

( ^ ) i ji» ^1 ) <jij S i--llai ^Jk-ai j <b! ll^jfj J.- 

: ( JLilkill ^ji^". 
Sa « Sb olT -Uij ijt a ;T b 

aS = bS olT li| 'i| acRb 

S aS -S b S '•>! I**** 'il a J b 

• S w»-aj (>» a j««l»JI ^tisu 4c j»a«i V (a) ~> 

< ) 

&\M S iujNaj i j*j uueu &j*uz b 3 a llT Ul 
a'a _ b b £~s« b'e V(b ) 3 a'e V (a) j> 3 UJ Jaj»$3 UV a;Tb ( V 
aa' = bb'^b'eV(b) 3 a'eV(a) J>3 UJ Ja*a3 b] adlb (T 
: C^pu b <6 V(b ) 3 a'eV (a) u> 3 1 jj JjiS 3 lij a 3t h (f 

a'a = b'b 3 aa' = b b' 

- Ho _ 



: cm jJi 

a/a w, a' eV (a) J a^b ulT >*i ( ^ 
• e JiVl U-lj TjuU I tfjrf R b «^L? — R Jl ul 
: ^JL b b' T j&> R ^ n R Jl* - <U' Jl b\ 

( b'b = e ) a'a = b'b 

a;Tb [ Va'eV(a)][ g b'eV (b) ] ( b'b - a'a) 
b'eV(b) J a'eV(a) a* a'a = b'b ^> ^^-N Jf-j 

: ^ 

b'b^fb j a £j a'a 

a#b ui» '^•j 

; oSXc a'e V (a) ul> a^eb J e>>^ {t 
a'aeL «■ L j aa'eR = R, 

b'b = a'a j bb' = aa' 

a^b=^ [Va'eV(a)3[gb'eV(b )][a'a = b'b /\aa'=bb' ] 
b'eV(b) j a'eV(a) U ^ jJ j* *1 il-iy '*! .j-CJI 

aa'-bb' j a'a = b ' b of 

a^€b Jl^j adtb j *%b 

- m - 



: ^jj oJti | A |-n ^JIT 1*1 (\ 
I P(A) |= £ (r)n' J | ^(A) | = 2 o1 , \] 3> (A) | - n" 

^JIa U ^if J* >|j£JI i^lfoU Jf icy* •& (A ) ^CJ (y 

©(A)n P(A)«{»} 

pOff c <yOp 

; J» r~*i b -> a i>* lij Ja»ij lii (a,beS)apb 

: J >*! 

[apb] <=*> [ Cjm,ne>i ) (a |b» A b| a")] 

• S J* Jiljl p J viJl 

: <Ji $ s i> p **** Vi J r» ; S (• 

[ apb] <=>[ ( gneN )( ab* = b B+1 A ba n « a» +1 ) j 

• S J*'> p j l ^ 5l 
a*-* • 1 e J : <^ ij-j jJl^ J j I ^CJ 

( S/j)«(S/I)/(J/I) 

_ nv - 



oUu% l u j ji n J J c ,*j . S ; r j ifi,\\u j j i 6 iCJ (y 

. S J 

: ^ Cfx f ■ ( InJ^4> Jdlj ijcl n J ^ J±*V ) 

(luj)/J « I/( Jnl) 
o*jr. • G J] *-'^ t H ijj* iyj fj*It ^LlS ^ ( A 

j ef 6*-^ ^ • J*-> v -*'* , 4 » J -*V j-"^*' fe,ef,f,e C-j|f 

• u' u 1 j-» :t ie j r 

A-{xeS :axa = a} S si fj-alt a 

• S <j a jSlfc Jf **j*f v » AaA 6 ? 

. yaeS AaA#<J> >>] '*! S J OV? (v 

Jl ■* — L j S * j*j *Jn*'> j j*-^> — (K J' J>_a-I R ( j^J (\f 
D ^XJ . 1a — T R n L o" ^ S J »J>^ - £ 

P= { peS: (aqeS)(pq = l ) } 
Q. »{qeS : ( aP^S) ( pq =1 ) } 

Qr L i J P-Ri 



s = qp o;r iii ^ ii| ajb* s ui^j, 

• f=g'g j e - gg' w-o- fjc <>x»L. dr^-c »U*- 
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C) 


o 


o 


o 






. R f n L f 4* ( X ' j ) xeR e n L tfi jvlii ( T 

: 6i» x,yeRn L f u*>j (u 
xy , y'xeH f j xy' ,yx'eH p 

x'x-f j xx' = e 

y'x H f i x'y -r^'j • yx' j* H j xy' j&'> b\ {r 

A '-R f n L p j A-RnL f ^ (* 

. n' »>&j A a* k-** ! a ^fZJ j 
xoy - xa'y (x,yeA) A Jf o J-Cillf Ojjli 

u*v = uav (u,veA0 A' * JJCrJ ^lij 



• Jj*J ( A', + ) dUiT j iyj ( a,o) 

cp : A' — *- H t > x —v ax 

t|/ : A' — *• Hf ; x xa 

. ae-a ca-a S j>» eja a_y^t- dp d£\ 

2= <R.<5D = { (x,x) : xeS } 

: <>i (H 

a 

S=r{( ):a,be|RJa,b>o} 
v b 1 

r J f 

& ssxf . c } j uj^ jdtj ^ - s x s 

>i.....i s £ji 

t(! !) *<*^' ] 

^ ^ Sn " ( a i ) u»rt : A*' ] 

[ L ( S, ) z> L ( s, )=>..=> L ( s D ) — 



fe-f j ef-c. £>lf ii| e #f (1 

fe = e j ef- f ulf J»*»j e iR f (o 

-l4» V»> b , cs S 
[ ca = cb -> a = b ] ac = be a = b 

V»\ li| ( ^jL-j ) t-^-f — • S ( T 

(;]=SxS)dl=SxS 

, > j* j sills' la[ Jaii ^ li| bjl—j iL~-j j Ljuf ils— > jJI ( •» 

• • j* j lilJaii^ !i| i>jL{j i~Lx iJijl»-> i-^ill wJi^w ( 3 

1 i] (right group ) o l^t • j*j £fr J>ii ( r 

sl^lS I i\ ( left gronp ) **ijL-j »j* j l^l J yu ^ . 

: jlltt j^JI olio- la! 4-i.t S ( ^ 

( Va,beS)(a !x eS)(ax=b) 
. ^ -U»-j jAf *ii _^ gl j-JV *J+& 0* £* ) 

- m - 



[ 
1 

"j* J ->* E ^ • J*j *-*a>j G Sj-j) GXE j^UI »!-»*-! ( i 

. Z-Lf 

i-Jjo. vJ^J ^» S U.J Sj-j E iJ-li-l j-eLJ! 4cj*si ( j 

' s ^* S J*j J* Se <j[» eeE til ( j 

<p:GxE-*- S j(g,e;_^ge 

. ( jlUl »ULl GXE ) . JJU 

• ^j*"* * J*^ ^-4^ 
: ^ a*>» S ^ j L-£ tJU* b j tjU till, a lij (Yt 

. UU» s til BA - B n A u*-r. f BAsBflA 

: <j»> a*X * A il a JSjOJ! J^i*,*f #(a) (tt 
>4 cpp - ^ sF(A) 9 p #(A) a* (p , ^ u*^ ( T 

^Jf IS! Jalij ISl Jd^ .. y .( A ) 2 ^ (a) 6^ IS] i»2ij 

<p (A) se <J, (A) 

- ivr - 
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J^ 1 

iJC . pjl^' J yo.*- — £ l t «Juu *Wl JjcS" C»Lit oL-il J I 

*s^\ ^ j& z% a^T ( v ) j*j . ^ 

i^Ji j ; r >M ijb; j c$i)l ) jcii r _^i-_, I jit* ija . ^ 

. ( 21U.1 

: iJU i*. jjJI ibL- 4^Ct 5,*ljfi$l a* ,,11 <j wilt tfl ui 
ax' + bx + c- o (a^o) 

— b± »/b a - 4ac 
x ~ n 

SbL* U-i* ) ofi jUV Ou^jII Jy»- Cj^-J 1 6* vt^f jll* 

H _ r (o) ^Ji _ IVY - 



fcULu^ Jil Jfi , ( 1M | - 15 7*) cardan ^ LUk> 



x 3 + bx J -f cx + d 



b 



y J + py + q = o 

x 1 = y.2 + ^ + y3r^ 



2 



W " " ' " ' J D = 2- + L 
2 4 27 

L» ja Uj^ x 3 } x 2 , Xl j ill i~.&Ji jjjyLl 

JJf iil < JLji UUI i^jjJI ibU ojiljUl .JL» ol 



. LJ ilbi ^-*) 

-*-o-t _ ( 1522 - 1565 ) Ferrari JlLVI ^ot© fL* jj 

Itifcti* i^jjJ^ feU. ji- JI u« - obJT JJu^J 

< LJjIj UCtl JlaUll ilati J UU-tjjb & Jf juu 

( polynomial equation) 
a, x n + a a _ 1 x n -' + + a t x + a, = o ( a„ ^ o ) 

lajU* L.Li-1 oUUJI *m> «y Jf *p J Jc 

oV^UI > r l ,li /"i It iilL ^L JJJ jll oV^Ut J* jlk) 

. solvable by radicals < ^ J"^" XbLill 

*hj> jit jydl OjiJI i;^ j r o_5 (;i736 - 1813 ) Joseph Lagrange 
cJITj . hu\J\ i^-jjJI jjUsV'^B iijoi-l oViU4 r UH ji-l iUViJi- 
ujJoi, . SjftL- oVit- J- J! ilL.ll 3J a ULI > ^LjJ L-L^l C 
^j* 6* ( n ^ 4 3U ^ ) JSl iu. J* ^ jj^LlI oVaUli .0* J\ 4 

- W\ - 



jlCel jjjz J,\ 4o*>x)i ifeL* J** j ^ jiV ^ 

Ruffini <!— a — » u£_> ) UTA ^( 1802 - 1829) Neils Heinri k Abel 

• ( ^av\ jO u**^ J *j U ^ tUjj yi;^ iAir 

I — <>ja)l ibU. JjU- ^jJli ii^l <>» <;1 jj *i»ju $ .u. 

**b ^ i>t Jj Sjj^* j £*V y-iljj J» Jlj-JI li» js <_>Ul ail 

v «l ji'l ( 1811 - 1832) Evariste Galois <i» Cr^*^ JiU-l 

* tjJu. J-.U iUi isjail feLM Oj^I (iPb r j*M J*^ 
L-L^l i /jjl oil * oVaULI > j fcji-l 5, ^kJI ^1 ^ jjj^ 

x" + a -! x'" 1 + ••• + a x x + a 
•i» J* JUUJ S„ J^LJI 5yj (>• G ij-j Ifiijl J\ ^Zs 

uj — j «Uj . iijoi-l »oA Galois group (IjH&Sytj) TJU Uyaj iijjki-l 
<jf frj . U Ijlli ; j-j j^X^s iijjJ-l .Jul ijjJU J I jJlc 

x" + a,,^ x a -> + + a t x + a = 

: J<iJI G Jj-Jl 

- U. - 



G = G 1> G, > ... I> G n - {e} 
. Vjl ^Jl r & ijj* G l t /G 8 G. #G J+1 ^ 

^li-l ajiW x- ^ # _| j. u ^ 

: ^ ^1 JJUI .Ji.^ riUI Ji 
. ijL_ f Lii J\ , ^| j ^ _ T 

• «>»jy* w**C ^J»_i JiUj | 

- j*» 1>-L.* JiLi *:>L. ^jj* ._i _ 
f <>-~ j~ £ f^' uj^l &~ Jo- JJLit r A_* 



(x,y,z) 4»u»JI ala_tty oLktf ^j/* il 3 , ,>Jlill <JL» ^ r ^yf 
J^- (Pythagorean triples) oU^C, x 2 + y J = z2 iljLli Jii jjl 

Diophantus j'M ^IJI ji, . . . (5, J2 , 13 ) , ( 3 , 4 , 5 ) 

x-c(a : -b 2 ) > y = 2abc , z = c ( a 2 + b* ) a ,b,ceZ 
u*tT j \jb (16OI - 1665 ) Pierre Fermat L-l* 6^ 

< ^U^a oVil — ~. J* ^iljj (Arithmctica) a-r^j*! 5 

dUV x- + y°=z B feUI up n>2 ^tT 1 LJtJI oUOl 
liUj, oj — ^ oil , Uu <ffli Jl JU1_, , ji^it TjjU* (x, y , z )eZ 3 

: I — A^t. x 8 +y°=z- ^ y^JI J^li. (x,y,z)eZ 3 JU-jj J» 1 

. f ? (neN) n>2 

♦ ( n < 10* jJ 0- 



<> — .< sjji-l £D j)l f Algebraic number theory a'aeStl 4, jji-l 
cJlf ai* < ^tiU SijJ-| ijkJI jj£ JcojicI- ^ . aU^I ijkj 
r U (1810- 1893) Ernst Kummer JllVl ^tjfl Uji SlL, J». j i«.UI oV^I 

The field JiaJI t 1 — T 

• • J + 

• ¥iV ; J-J (F,+) 

: a,b,ceF ^ (y 

( a + b ) c- ac + be 3 a ( b + c ) = ab + ac 

[F*-F-{0}] • Vi"^ 5 J*j ( F , . ) (r 

. ( Commutative division ring ) iJLxJ iiU- 4^L Jii-I ^jj yu 

v* ( integarl domain ) U-|p)l .iikll ^ ^ _f S> 1*1 dliT 

-Mr- 



Jaiij Ug 4J1j^l S^j ( S , . ) 0] ♦ «b> (S , -f , . ) _£J 

: o»-»jJ* 

a,beS 0?^. W*» • V 1 -^*- 1 »J*J ^ (S*,.) : J»^1 ^jj 

a,b,ceS u*j*j ^Jji dJUcV S ,> .* Jj^JJ! 4,Uf 

b-ctfi b-c-oJl%ab-ac=a(b-c) =0 o!» (a^o)ab»ac 

Ji :Jlj ba-ca-(b-c)a-Out ^ b a =r ca dMaf 

b = c 1 b - c - 

• >J r-»> ^ s abeS - Li a , beS * f 

O) ^ 

♦ S/ij U-oJ (D* ) l_fcAD 4^ JT 

♦ JSU> 4ikLo Jf 

*-^J ) D a* l * Tj-* a <><-!., < i^;, LLfcj Uk, d 

: SfUl ( 

9 a :D->-D jx-*ax 
x, , x 8 e D ^ <p a ( Xl .) _ (X; ) ^ & 3 I^jAju D\y 9& \ 

- UC - 



. ( iJljU-l D *6^ ) Xl -x a JAj Xl #o#x, J 

. ab= 1 sL~£ b e J J^j; *l» ( frk« D ) 1 eD ul l« 

• J 1 *- D J ' S J*J ( D*, . ) ^i* 

♦ Ujf bat n CP tig JaiSj tit J*» Z„ 

: t>L-fcjJ1 

■ J*- Z B <^ » : J»>»f3jl 

ak»o -> keZ„ 
. iji n Til . Jl> Z n .jjj ,> U»j , k-^Oja^O m 

. ab=0 w-af 

ol» Jtll, o<a,b <n J-*"-* n| b nj a ^jj 

. Ji>- ^* LUljrj iik* yf i . ^iLal) y dUcV Z B 

(T) ubjai 

F a 4 Vj?*^ ur*- 3 F Jl- K 3JU- j*i U> ^1 

- Mo - 



a - beK ( 1 
• a,beK U** iUjg ab-'eK (f 

• cP< o.U F o« Llj». K olT li] (> 

( ? liU ) cLaJ ( K , + ) j ogK ui» yJI ji* li| ( r 
( ? ) LLtf S^j ( k, . ) j t 6 K i«jr 

: ( 1 ) ju* 

Q.( |/a ) - { a f : a,b e Q.} ,.,| 

• R <>* J*- 

• ^ crJ Z, Z, <>.UUl jlUI .W-l ,jf cJl 
The characteristic of a field Jjb> j*** t — 1 — Y 

• ( n ) a + a + ... + a ( S <>» j-a^ a e N 
- Ml - 



<r) dbjtf 

ae S je ±t J£=»] 6 t |iU # ^ s ^ 

Characteristic L«JJI s\jJi\ »a* ^1 <>li na „ ^jl neN 

S ju- 6i JJ UJJI il.uty J.*, jLrfj ^ lijj . S ilU-l 

: u|» S a* ^ 1 a J k. l = o olT HI oXJtj 
ka=k(l.a) = (k.l)a-Oa-0 

(0 uu_j«? 

n.l-0 5'jUl neN aOt jiJ o[» . *UU- S 

• j*""*' >» S 
(T) JU* 

• n.i-0 ^ neN ^^J. m )l ^ yj| ^ z jjj^i 

n . 1 «= o CjV n j> Z„ aili-l ju* 

(C) 

.0,1 uiyilj f D iJUlpll iikll ju. n9 to 

- UV - 



: <l~f- n = km ^J_J> J» Jl) j\ 
C<m<n _> o < k < n 

: tff n. l = o i^Vj leD uj 
k m . 1 = 
B km(i.i) «( k.i)(m.i) 
kl-8 ji ml-0 J <>* 1J*j ^» r t^i dUsV D ,j<J 



(o) ubjtf 

lii Jf IIS I — f\ S iSi* Ji M UU. j>- f : M S ala J^tf 

: JjU ^ 
f(a + b) = f(a) +f(b) ^ 
f(a.b) = f(a)f(b) (r 
. a,beM ^ dUij 

( i>' U ) Ji^" <¥ m **rj> ~jJ? '»1 -kfcj '4 ( A , B e 9 ) a« B 

• B J 6 A u* 

(0) £*~A 

1 * 

: cMW*_j}> &*> ^jaw- d <uut» iuku d cjit ui 

- 1AA - 



f : Z— »- D in-*ne 

f { iij ) = f ( nj ) oLl« S)b f 
( ? lili ) n^n, n, - n a - Jttyj (n, - n, ) e - 

: ^ jrus f aiiT 

f ( m + n)-(m + n)e-me + ne-f (m) + f (n) 
f(m.n) = (n. n) c-(mc) ( ne ) = f ( m)f (n) 

. Z J»l< D i-Jj* iiU f (Z) Jtflj 

<LSj> Ssb.^j*? D < ^Jjf Ajte p Ujg** <JU(£r D cJlT UJ 

♦ Z p JJW 

: 4)Ij3I ^k*; 

f;Z p -*D;n->ne 
Z P J*Li D <>• SJj^ iii*. f(z p ) ^,1 ihU iujjll ^.UjJ 

• ( * <y j** ) 

u- i-Sj^ Uk* ^jj c-Jti . n UJ^ Uk* D dlT lit 

* J>^-' <^ ^» d^i J* . Uit n Uj^ D 

- m - 



Euler 's function SJU i _ } — Y 

( V till ) v j-J' 
: 0* ( P ^ ) z„ Jli-'i ^ii 

Z* = { 1 , 2 , 3 , ... , P — 1 } 

. Z p <j a"-i = l : 6i» aeZ p ,>C If : J> 
pZ = { pz : z£ Z } 
K= { a + pZ : aeZ } 

(a + pZ ) + (b + pZ) = (a + b) + pZ 

(a + pZ) (b + pZ ) = (ab) + pZ a.beZ 

f : K — *- Z p J ( a + pZ ) — *- a ( mod p ) 

. ( dUh & ) z p J. K & J1-U5 f ui . 

(Y)<JJfc^ 

< p -Will JJi, a 5 "" 1 -1 a Ujl bue p j aeZ jtf fcj 

- VA. - 



♦ a ^ ( mod p ) Li ale a p_1 ~ 1 ( modp ) £,! ^1 
• P yJj^AAJI^U^iUj,} a p » a( mod p ) aeZ alfttj 

: 

aP_1 "■l(modp) <jl» a (modp) u&* 'ii 
: oli as o ( mod p ) ulT ^ a p as a ( mod p ) 
. a p sa(modp) iJ^.j a* s= o( modp) 

: ( r > ju* 

8 »0J = (8i2)»(8')sE(i*)(8 7 )(modlJ)s(8 2 )(8 l )(8 2 ) (8) ( mod 13 ) 
a (— 1)(— 1)(— i) (— 5) (mod 13) 
sa 5 ( mod 13 ) 

^jrUCVS ^IJi L)dl £*>U jTi; Lji J* J^Tj 

: { 1714 — 1793 ) John wilson 

(A) 

: 4&yLJ\ ^iabJ jwij fj^vt J» jJH) 

( p — 1 ) ! = _ 1 ( mod p ) 

♦ Uj! bat p 6' j» 

: oL-»jJt 

♦ Jjt P (p~ 1) ! = - 1 (mod p ) cJlf 1*1 : J»>inpjl 

- m - 



p _ km j m=£ 1 k 

: £ » j eZ D m <p^ k<pui 

r » 

m = p — j -* k = p_t 

: (f\ p = km |(p — 1 ) ! J&lij 
. Jjf P • ( p - 1 ) ! == ( mod p ) 

-i sjjii & i r j ( | p , . ) ul» U,1 Uu p £jf ; j, ^jji 

: Taj x p sx(mod p) tfT x p-, s i(mod p) uU xeZ* p a 5 ^. W* 4^-* 

xp — x s x ( x — l)(x— 2){x-3) ( x — p + 1 ) 

: jJ- j x Jl^ SLlUb 

(-i)'-J(p-l)! =-1(modp) 

( — i f-' 1 ( mod p ) d o 
[ (p_ i wm l ( mod p ) j -ls(p-l)( mod p ) ] 

(p-I) !=-l(modp) 

: Z <j u'j;*- ^ tjl j-^ 1 p — 1 j l ^ 

( p - 1 )-» - p — 1 J 1 - 1 

[ Z p JiH i x 2 -l = ibUll J- ] 

- w - 



: j^C J j* Djt p > 2 aaJI jUJI r >» ijlit J jj! 

( p — 2 ) ! 2= 1 ( mod p ) 

. 462 J* **-*)' J-i n 11 — n u[» neZ W* ^ 

: ^ L > Jr^J 462 -(3) (7) (11) (2) o[ 

n" = (n I5 ) 3 m= n ,0 (mod2) so s (mod2) =n 4 (mod2)= n»(mod2)= n(mod2) 
n J1 = (n'°) 3 n = n"(mod3) = (n 3 ) 3 n 3 = n 5 (mod3)=sn 3 (mod3) =n(mod3) 
n JI =(n«) 7 n'== n 7 (med7)= n (mod7) 
n" = (n J ) H n»s n'Vmodll) = n(modll) 

: . 11,7,3,2 J* JJS n J »— n JUllj 

. neZ ^£ ^ 462 J* i—lR JJB n 31 — n 

J&*£? j^naB p~Ajk C*-*J z a *U/ L ^ J? JS" 4zy>>J> 

. (Z o ,-)0**! S j»Vi 

: ^Uft^jt 

: J--* ceZ Jk^v-i ab£G„ 6 1 " ^ > J ajdeG. 
c^O j b€G„ £*3 < a(bc)«o 6^ il rf*>. (ab)c=o 
. ab€G n Taj . ^j*" 1 J*> a£G„ J l:) Vj be ^ o 



f a : G D — +- G„ i i — *- ax 
: J^-J ax i = ax s <j±h f a {x,j= f n ( X? ) *^Lf« f u\ 
. x 1 = x, tft x t ~x 2 . o aeG„ ^ a( Xl ~x a )= o 

(G B5 . ) — , ab=l beG. J^j» Til ieG„ $1 

wiJI Jjj <p ( n ) ^ ,p : n N 3M ^| 

u^- 5 n £* t^J * — < n <£,,Lj jl ( n eN ) n (>• Jil jk ^Jl 

: «> Jtt» 

^.Lw SJjj l2 tf,U,l Jil jll UJ.II aljfcty n = 12 

. 9(12)= 4 ui» d^J H.7,5,1 ^ 12 

♦ Z D ^» G„ iUjaJft » yjn j^U»^oe <p(n) 
UjTi — i U Ujd L*^ ( 1707 _ i78j ) Leonard Euler JU1 M 

:♦; a* n >=l { mod n ) t &\ ^ 



b< n 

. b** n, =l(modri ) Til | G„ | = cp (n) ^ . ( A *^ju J&\ ) beG n 
: JUllj bea + nZ $ a^b(modn) j<! 
a* 00 ^ 1 (mod n ) uU T a f( " = b* ( mod u ) 

: C©> 

) a p-*^ P iJ*J*i • <p (P) ~ P — 1 U^l TiJic p olT lij 
. &UI Ui *:*>. a p-1 =l(nodp) JtJbj ( L.J o^jl P,a 

<J> (24) -8 o\ )j\ t*j* 24 J* 7 180 ° **-» Jlp aUV 

: ^ 

7 iooe « ( ?8 )ias s (jji25 ( mod (2 4) = 1 ( mod 24 ) 

The ideals oUJUU o.l.f 

: (V)u«j« 

A ul» • So* ^'l*- >c L; j»- i* >»f A j 2Zi»- ( S , + , . ) cJIT li} 

. S r fr V> ^ A ( 1 
. axeA ( xaeA j aeA l^j xeS ^Ci ^ (r 

wAmJI^UUU* l^U J^lj $1 VrfJ k.jlw ^ A -iilT 1*1 

. s awn l-iu* TjUui-i jt 

- no - 



Cr* iUUU 4Jj> i^i ( A , + ) ^LJ S , + , . ) 4*1*1) UU, a otf ttj 

• ( S, + ) 

(11) ^ 

: cpjtf* Hjj* K = I x + a x€ s ^ cjitj s &bd» u&» a uj 

(x+A) + (y + A)=r(x + y ) + a 
x,yeS (x+A)(y+ A) = xy + A 

♦ S /A SJ laJ1 4il> &l> K^l-i 

y t + A - y, + A j x, + A = x, 4- A 

-i-* a^a.eA j^^i 
y, = a t + y, x, - a, + x, 

Xj + y x = ( a, + a, ) + ( x, + y, ) 

: ^ 

( x, + A ) + ( y, + A ) = ( x t + A ) + ( y 8 + A ) 

: dliT 

x, y t — a t a s + a, y , + x t a, + X, y, 
. ill. a a = a t a, + a, y, + x, a 2 eA . 

Xl y, + A = x t y | + A . Til 

- 1V\ - 



zeZ ^C. ^ «^ di — U . Z 4lkl Jll, nZ uj . neZ 
beZ j^It ^^j; aenZ • azenZ o[* aenZ £^ l^j 

: ^ a = nb 

az =s nbz = n ( bz ) enZ 
y'Ut- nZ £>' jp_ az = za enZ TiJ . LLxS Ail*. z ( ^tl 

. Lwi'l ^jU. ZzU . iiW Z/nZ . Z 

: <}jJ1 ^k«J 
f : Z „ — »- Z/n Z J x — »- x + nZ 
. Z, JJtf Z/nZ jl* Jt)^ ( t>* ) jSlc ? o\ J*£ 

(V> ju* 

: oii ( jSrf ) z 8 isUI ^ y a = {0,3 } o\ 

Z„/A -{O+A.l + A.l + A} 

. ( ' <aii «>• Ji* ) Z, JUI JJi* Jl* 

:<A)uu> 

: 06 lj) proper ^**i»> S A y Hl* J jH, 

A^{0} A#S 

<H> 

- nv - 



: bsS 4iU s i lt^OI ya J Li/ IS] 

ab = ba = 1 

. leA 

S - S.lc SAc^cS 

A - S : J^Vj 

♦ JU> ,J\1* ^1 ill*.* JSsdl 
. F j { } y» F Jali 

s au u^ibi tJt-^jj s J Ji^ 

( if) 

♦ **Ui>S/A 

. S ^Jfe! ili. A ^jj : J>>Jtfjjl 

. ( dUi <y» Jirf ) j JJbJtJ ill*- s/a <>*jjj Jr-^ a* 6 1 

; <>CJ 

(a £ A) a + A s S /A 

- m - 



. S/A J jjlii *) uT J-*J^» S/A j £-^1 JsL*- a 4 A <j' 

B - { xa + b : xeS . beA } 

: oV »>J (B, + ) o« 
(x,a + b t ) + ( x, a + b f ) - ( Xi + x g ) a + 1 b t + b, > eB 

o - oa + o eB dJoT 
-(xa + b) .( -x)a+(-b) j 

y ( xa -I b ) = ( yx ) a 4- yb eB 

. s SUM JU* b Jt:)^ UjlJ s 

a = la+OeB £,| 
: ui» beA ^Cs ^ ^ 

b = ob + beB 
A s B 

^jl> </ JiS : U»_, . Ljicl A ^SO . A^B 0^ a^A J aeB <j' 

B = S 

t=ba +c ^ ce A j beS J* * m JUlj leB u' 
1 + A « ba + A - ( b + A ) ( a + A ) fil 
• J** S/A Ul , a + A j* b + A jjU ^l&tj 

. J*. S/A J ,>> ; J^l^ltf 

f : S — ^ S/A j x — >. x + A 
— \\\ - 



f (M) 6t« s iiUB J\L. m .J,/, . ( »£Ui & jii ) jTli; ^ 

• ( <>• J« ) S/A ^Wl 

f (A) c f(M) c f (S) fi| A c M c S 

f(A) = {o+A} j ^ f ^50 

(o + A}cf(M)cS/A . fa 

Til . ^1>- dlkV v ji^ s/A l^> ! wJi* 

* A. 'ft.'ft> 

: oA-a^J' 

. Ijli^ oUHi dUiV ^ ^ s j^IT til : 
LJlii {0} *JLi^ oUii. iJU«M s c-T til : j^ai <jiir 

*Mj (^lC j«)S}'l! S/{o} ^ < >V S /{o} Jfcflj LfcJ 

. J5p- S t>l» 

(A) Jli* 

Op ILL U ^ . (neZ)nZ j£ltl & ^ Z ialtt oUlL. ^ 
pZ ^l—A, Jfc- Z p ot» tlj ^ P ^ 'H» • z » J*U Z/nZ 



W L-Jjf ^sji i (A^S)S JJLlS iiU- LiC. a ulT lii 

. a.beS \. T * il'jj beA aeA l«1 'it ^iA» abeA 

( U ) 

i-HfU ^ . ( i>* ) ^ S/A <jl 

ilij W U-fcLi iik, S/A ( ? 'ill ) A j» S/A ji- o l 

: OIT li! 

(a + A)(b+A) = A 



b+A-A 1 a+A-A 



( a + A )( b + A ) - ab + A 
• S <j ^ti. A Jl^ . beA j aeA <^ ^ abeA Til 
. S <] Lljl Llll. A lit Ju»j li' U.fcL3 UL« S/A 

: 

: oL-ftjJi 

. cUCi i_Jk* Jfe- S/A u|» S i Ulli A ulT lil ■ 

— Ul - 



• J J JK* A ^tlljj 

** ** ♦ ST 

.ye> s/a o^ujJwdiUi^aics jA ^nata 

♦ 4JUb& SfcL. S /A cJlT UJ Jiasj 13] S jA yJUll (\ 

: 41$ n e jj** <MS> F oU* tt] 
♦ Z p J Uj> y*> f Ujf bj* n»p j>IT ttl 

. *r ju-i ( <\ jyi) 6 uyi si_^j 

(11 )«Jbyu 

. CfcJifc*l«> uU~J Q. j ( J J sJ* p ) Z p Jli-I 

<p(S) of cJti S' Jl s a* 'XTULJ <p : s S' ulf W 

(H) 

: S 4il> aaI> ^ cp : S -v S' cJU" ttl 

S ^^kary (T 
S/ker <p JjWcp ( S) (o 



: ui» k g ker <p x 6 S ^ ( T 

9 (xk) = <p(x) <p (k) = cp(x) . o « o xk e ker <p 
(p ( kx ) = <p ( k) <p ( X ) = o. <p (jc) = o =o kx g ker <p 

: 31 Jl ( v 
f : S/ker <p _^ <p (S) j ( a + ker cp ) — cp (a) 

a + ker cp = b + ker cp 

: k e ker <p -io» y <Jli 

a a b + k 

<p(a)=<p(b+k) = <p(b)+cp(k) 
cp ( k ) - o Til k e ker cp 

<p (a) = y (b) Til 

f ( a + ker cp ) = f ( b + k er cp ) 

f ( X + ker cp ) _ f ( y + ker cp ) 

<p (x) = cp ( y ) U 
cp(x)- cp(y) = o 
11 ) - ? (y)_ v (_ y) ^ 



la! 



x — y e ker cp cp ( x - y ) - o fc| 

x + ker cp - y + ker cp g\ xey-fkercp 

a' f 

f [ ( a + ker <p ) + ( b + ker <p ) ] - cp ( a + b ) 

- <p(a) + cp (b) - f ( a + kcr <p)+ f ( b + ker cp ) 

f [ ( a+ ker cp)( b + ker cp )]-f(ab + ker<p) 

- cp (abj - cp (a) cp (b) 

- f ( a + ker cp ) . f ( b + kcr cp ) 

. ( tfjm j^uai ; 5 u jiui iju )( JTu ) jjus f Tit 



* * * 



(S. + } { T 

a,b,ceS j^; ^ iUij a(b+c)-ab + ac(~ 

J*<" (S, + ,.) J 
6^ (i+l)(a + b) J* £ — L-U r ail-l . ^ ] 

• [ y?y* (S,+) 

— i < S »)jJ 5(S) < 3JU jr* S ^ ( T 

A + B ■= ( A U B) — ( An B) 
A.B - A n B 

T J* 3*. f 1 *&. ( # (S), + > .) JCS J. 
f: 0.(1/2) ^3) 4)ljlf J* (r 

f ( a + b 2 ) - a + b 1/3 ^-»- 

q.(i/3) jjuv ^ ^ t v f i ( jti) jju- ^ 

n\jp F <j* J — tft u T n »ju. F .jjf la] (o 



: b\ c ^jiJI l t :U- 0.&15 ilk, D ^ li] («i 

K = { nc : neZ } 

• D o* V^- 1 ^ *J 4 V^r a *^ J 

( 2 i».0 Jj-jl!^ j 12 ^ L-J Uj^II ^l;JI ; r3 ! ( v 

. (Zjxz,,.) jlii ; j.jii ,i* 6 1 ^ 

• n < 30 <>- <p ( n ) ^* <J ( A 

. 210 J* A—iJI jjl n 25 - n ( T 
. 383838 J* i*~*JI n3 7 - n ( v 
[ 38 38 38 -(37) (19) (13) (7) (3) (2) : ] 

A T*U n <f> (P) - p" 1 O.U Ujl TaJc p 0lT li] 4il cJf ( ^ 

. <p (n)<n - l oi» i.>J 
: aeS s UiOJ ilU s ^IT li] ( y\ 

. S aWI ill. A-{xeS:ax-o} 
. s UUI ill. yi s UUI oLIll. ^Llij 6 1 ^jl ^ r 

: b\> S iiWI.jJll. BjA O^j S cJfr (if 

jS m»J^ A+ B-{ a +b : aeA , beB } ( T 
BcA+B J AcA+B 

n 

AB - { 2 a, b; : a^A , b f eB , neN ) (v 

ABcAnB j S iiJUl ill. 
- Y.\- 



: S > iJUtl 

[(a,b)~(c,d)] «=s> ad = dc 

: JiUi JjCi:)* jjil5 l^-ift j F«=S/~ a°y^ (v 

E(a,b)] + [(c,d)]-[(ad + bc),bd] 
[(a,b)][( cd)]-[( ac,bd)] 

• ( x,y) [ ( x,y ) ] ~f 

, Ji#- F <lA OjoV ^ . F ^ Ti-*- i>i j«* ojijjUJI 4>-i* 

f : D F 5 x [ (x,l) ] ( 

iJj*. IJUfcJ iik. f(D) Jtllj f(D) > D j>* J5UE f J 

. F <y 

? z a*is:ji iiki! u j**. q_ j* ( * 

: o\ '^TUt? f: M-»- S u&j <J^ MJS ISJ (So 

s a* i-Jjr Jii*- j» f (M) ( T 
. m j jc« / f (v 

kerf" {o} \'»\ U>j Vs\ '^If. f { ► 

„ T.Y- 



s j fjk* M - n A 

Ace\ 

A.B - { 2 a ; b s : ai eA , b,eB, neN } 
A + B - { a + b : aeA , beB J 

: £,1 oJl 

B+A-A+B ( T 

A + (B + C)-A+B)+C ( v 

A . B- B . A ( ^ 

A.(B.C) — (A.B).C ( > 

A . (B+ G) - A . B + A.G ( A 

A iUUIIJl^ Bn A 3 . A + B iUU« Jli. fi ( j 

. ( A+ B)/B jli* A/A n B ( j 
^Ji j <p (x) - x + B ^-Jf <p : A ( A + B )/B j»- : ] 

. [ ker cp - A n B 



* * • 



- T.A - 



: Jbl JjL^VI u[» , ill— S IS] 
2a,x i -a + a 1 x + a 2 x 2 + «... + a D x" + 

is=0 

^f- S o* LiL.! polynomial 4L*>>J» f(x) j* J\ 4) 3* 

. I,:- SjO* aop be i r l g+ jj (>• a , -0 j a,FS 

iajoi-l degree ^—3 J~* * J j»Tf oi 

Constant polynomial ^-c hzj^- JU^a jJlT t*J 

oLajoi-l JT J* jcJUII V-r iH, ^JLI ji/ Jj,; o^- 

: J, r S aul-l <y UU-T jll x J^j 

2 a, x' + £ b, x' = £ (a s + b ; )x ! 

'""0 i=t> ia=o 

( 1 a,x 1 )(f biX')-£( S as bj.j ) x' 

1=0 i=o ;=o j=o 



S [*]-{ I a, x» : a; eS} 

i=0 



^ K]j • ( d)i ^ JLC ) iil^ S[ x] J* a^jft" ^ 

sw oii i^ij oJir lijj . Ut jjjjls s[x] o.uu.v s 

: (1) 

Q.M j . Z 0* lAl^l jM, x J^l j Ol^^l z[x] ! 

. R & UU.ti R [ X ] Li Q ^ ULUl 

: d>T Z,[xj 4IU-I ,j 
(x + i)2- x 2 + (i + i) x+ i = x j + 1 
(x+l)+(x + l)-(i+i) x + (l + l)= o 

1*1, . UuT LLfcj ilk- D[ X ] £,t cJU iJUfc; ilk* d ^JIT lil 
. c-Jj U-fc; iik- f (x) ul» F 

. [ F [x] J jjk U ^ x e F [x] ol : alljl ] 

• WOO* 

u* F [x] Ul £j L_^ Jfc .^1 ( u ^ , , r ^jj j ^, j 

: oij F [x] 

F(xW 7§) :f(x) >*< x > 6F M->g<x) ^o} 

: CD 4^*, 



9 B :*txl-*E y f(x)^f( a ) 
( basic homomorphism ^Utfl JFLtXM tbb JTL^JI Ufl> ^u, > . 

: uifj F[x] o« g (x) j f(x) ^ir til 
gW-Sb.x' , f(x)-£a. x' 

i=0 i=l 



<P« (f(x) - g(x) > - <p« ( 2(a, + b ; )x< ) 

1 i=0 



2 (a, +b; a,* 1 + Sb ia ' 

1=0 i=0 1=0 



= <p a ( *(*)) + <p a (g(x)) 



<p«( f(x) g(x)) « <p. ( 2 ( 2 t,b, H )x< ) 

' 1 i=0 1=0 



2(I> j b i - i )a i 



- ( 2 a,a* ) ( 2 bi «' ) - <p a ( f(x) )» ( g (x) ) 

i=0 1=0 ' 1 



. F J* F 

- Til - 



: <r>ju* 

<p. ( 2 * ) - a, 

<p.(Q.l*])-Q, 

- Q.[x]/ker<p Q 6 U Jl% 

: (t) ju* 

<p,(x 2 +x-6)-2 J 4 2-6 = 
f(x) -x j +j-(6 ker <j>j 
ker <p 2 -{(x_ 2) f(x) :f(x)?Q[x]} 

<p. ( Q[xi)=Q 
: jJli Q 6 |i Q [x] J kcr ^ | ^ 

Q.[x]/ker <p a 

( ji-Uf ^Vt Jl* C ^ ) ?f : Q fx] ^ C <J'jJ> d \ 

: ^J«»; 

<p,(x 2 + l)- _ 1+ i-o 
- W - 



ker <p » { ( x J + 1 ) £(x) : f(x) e Q.[x] } 

: o[i Q,[x] j ker (} > 1 Oi 

<p (Q.[x]) * Q.[xl/ker ^ 

( T >*U ) f (Q[*l) - {a + bi : a,beQ } 

E J- l^lc a ^O, E JU <y ilUFjO 
f(x) - a + a, x + + a„x" eF [x] 

<p : F [x] — *- E i f(x) f (a) 

. f( X ) iojjUl \>*» a ui» 

. E i f(x) ojoU jli-pl Ail^ j» E 
f(x) t g(x)eF|x] jJlfj ^ — i*- F 1*1 & tr* 



f(x) =a„ x" + + a x x + a, j a„^0 

gto^b^x" + — +b lX + b, • b ffl ^0,m>0 



dcg r (x) < dcg g(x) ^ p(x) , r ( X ) e F [x] 

: ^ 

f(x) - g (x) . q(x) + r (x) 
f(x) wjaJt \jL* aeF ^^J jfcj, f j^)| J,^)| b \ ^ 

q (x) eF [x]^, 6 i tfl. f(x) Jj^^tt 

f (x) = ( x — a ) . q (x) 
> dUc (n^o ) n olj f(x)eF[x] &\ ^ dDiT 

• F j Ty^ n jjr^l 

g (X) » x 3 - 2X + 3 J f(x) = x 4 - 3x 3 + 2x a + 4x— 1 
f(x) ,g(x) e 2 8 [x] 

x*- 3x 3 + 2x ! +4x-l«( x ' -2x:+3)(x* - x-3) + (x + 3) 

. ( > <y Jii ) 

: (©) jup 

: ^ 

f(x) „ x 4 -f 3x s + 2x + 4 6 Z 5 [x] 
X 4 + 3x J + 2X + 4 - ( X - 1 ) 3 ( x + 1 ) 

- tU - 



• ( a* J** ) Z 8 J 4 j l i, 1 ^ 
reducible polynomials Olijjjtakn Y t — V 

(i'jl F irreducible 4>}j> ^ 1^1 f(x)eF[x] iajJ*. <y JiL 

g(x),h (x)9k[x] C>Co^_J- g(x) h(x) .Iju. J^li l^UT 

-J *1 • fj> (I ^ « F > i)j> ji* » Jm*V 

E JJo j 3^> djte * F <j i!j > V oi f(x) U 5ojJ^ 

: u[» R[x] 6* j-^ l,;t x a -2 i! 

X J - 2 = ( X— ^2) ( X +(/2 ) 

: (V) ju* 

^ J^ 1 ^ J> Z e > 3,ji >i X 3 + 3x + 26Z 5 [x] ol 

a ildl, a6 Z 6 ^ x ~ g $t a^> ^ jail <y t f Ul a-TojC" £,1 

f(0)=2 J f(4)=f(3)„3 J f(l)-f(2)-l 

• Z 4 j i)j> jjt Til 

(T) *L*,j* 

f(x) e F [x] 3 f 4>>J1 ^ 4^jj> f(x) cJlT ttl 

- tlVo _ 



♦ F j T 4U*S cJlf fM Jutd j 1il F Jb4l^j>!^lfl 

I £>Ljt jJI 

f(x) -g(x)h(x) jCill, t^US* F > SJjji foo (t 

<>• J-»^ *> : :r>* a 4 F[x] <j* <j l: ^ h(x) -?g(x) *L~»- 

f(X) i— ^j, 

g (x) jCojjii-l j\ JJIUI ^ f( X ) [c 

CjZs ( tt. J/sll i r g (x) u^iJ ) . J^l i^jjJI ^ h (x) j\ 

f(x) =(x_ a)h(x) 
. F j T>» f(x) <^ rfT f (a)= u 1 ' ^ 1JU , 

Jbi?jf(a)=o oji f j 7 T dii f( X ) ^gnii ^.SCJI ^ ( V 

q(x)eF[x] f(x)-(x-a).q(x) 

. f(x) i — Jit <j»j 

• a. 7^ o ft* Z [x] J\&Z3 f(x) = a n x» + + &l x + a CJIT ttl 

^aoucu^u-ioujibja)! jsLiHo* Q^t^iU^oa 

♦ a, j****? b J 

: J tfl b»f(-g-)-0^ f(-|)-0 0! 
a,b n +a 1 b B -' a+ a, b"- J a a + ... + a,., ba"" 1 + a. a"«0 

- %\\ - 



- a tt a" _ a e b" 4- ... + a B x ba -» 

• a» b ^1 l f:: U ;* c< l : ^ b J a 

— a b" a= a, b 3_I a + ... + a a a" 
Jl% . ^1 o>J« fjs > ^1 ^i^l j ^ JT ^ a ^ 

• a a 

8 i7^«C» Z[xlO» f(x) = x" + a n _, x" 4- ... + a t x + a, cJtf tt| 

j ( uUj *> ^ >£• ^ dilx f( X ) cJIT 

b « 1 JUbj j b j a o r -i3 a ui» • Q, 

• a Z 9 a f iiii f(x) t$t 

: (A) Jti» 

Z j f jL, dtti ^ ilifcj . Q j t U ^ rft . Jj^l V-^ 1 

- nv - 



• 0. J* «L» > J* = x J - 2x J + 8x + 1 6^ C^T 
Ujli^l ^r- J»»jl . Q JJjji g(x) = x 4 — 2x 3 -3x + 6 t-i 

• Q. j 

t^J>» *^*> <j« Q W j f(x) JJbw f(x) e Z [x] cJlf ttl 

^LtoO^L^^'^^jOJ f(x) ^0*J* ! CC^>^C!^>»0« 

^jL—JI jfi; iJjjt 3L.UI jruUtl <y 

( 1823 — 1852) Gotthold Eisenstein 

a„^o tffj Z [x] ^« f(x) = a „ x° + a _ t x + ... + &1 x + a cJIT U1 
P 2 6«"3 ( i < n ) a. ^Jb loJLja n Z & Uji T.M6 p 3 

) z > a,> Q jp f( X ) *f uiji; 

JiJ jj^-ji j>» Z[x] j u^jJ^- Jb-jj Ti] ( &UI fc*jdl 

i : si^tf f( X ) 3b. ja ^ 

f(x) == ( b r x' + ... + b )( c s x* + ... + c, ) 
- ru - 



< r s s < n j c ± j b o! 
' c * -> f b r 6* V p Til a n pJbe.ca, oi 

p 61 ^ • ( ) c, „f b j^js p $1 . p a^jw 

• ( ^ ) c, ^ 

a m " W C m + b, C.^ + ... + b. C 8 

. s < n U-i> yaib IJ*_, s = n 6 1 dUi 
. (SlLJ ^JQJf 3j > ^ ^ Z > 3,jf j;c f (x) Ti] 

a s = l , a ,=0 , a o = 2 j x 1 — 2eZ [x] 6 | 
x'-2 Jl% ae ^SV 4 £,1 r a, HL V„ aiJ a, r -A p = 2 Ti] 

f JBV 9 SSlf H = 25 ^ Vj a 4 ,a s> a 8 ,a ljao ^ p = 3 , 



£| 



f(x) = ^L-Zi _ X P-1 + x P-2 + ,.. + x + t 

: C»L-*jJ1 

g(x) - f (x + I )- 1 [ (x + i 

• a > ^> jjc g (x) iuiij p i £ a^jii v 

q (x)) ,h(x)eZ[x] £>&».*■»•■ *U Q> 31^ f(x) £»t SU. Li> l*J 

: ^ 

f(x) - h(x) q(x) 

f(x + l) - h (x+1 )q(x + l) = h,(x) q,(x) 

g(x) . h, (x) q l (x) i 
• Q. J* jjji f(x) Ti] . JJi Ji..l>jttt ^L, U* j 

«> uujtf 

{$a:seS } a eS iJ^'j LLjlj fcU S cJf 1*1 

- YY* _ 



. (a) -> *) ±jj a *Jy UUU ^ , $ J JH. J<k 

^ s 3 a U-iO UU* S KUl A JUU <jf ^ 

• A-(a) 

(t) Oij* 

. S iiU JLi { sa : seS } o' 

: objj-l ^ ^ ^it> F [x] J ill. ^ ( X ) 6 I 

f(x)-a 1 x t + a t . 1 x'- 1 + .„ + a 1 x 

♦ W~?JtJK*y> F[x] ^^*jr^U 4 'iBb.F owuj 

olTlilj A» (0) oli A={0} uiTUl . Ffxl ttkl LlUU A ^ 
^^li^jjl o'i a jge4ia>u. g(x) J» < A [0] 

«) JWlj g( X ) 6 F 0j» T^U g (x) ^ ^JIT IaI . A 
J»jiX < yjl & jf\ g(x) J rj3t ^|rti! . A-Ffxj-Ci) Jfcllj F 

: JWkj A <>• f( X ) 
f(x)= g(x).q(x) + r(x) 

• degr(x) < degg(x) ^ 

^! 

g (x) eA -> f(x) e 
: iUlj g(x)q(x)9A J[ ^ 

- in - 



f(x) -g(x)q(x) = r(x) 

: Til . A j^U ^ jJi\ oli a . a 

r (x) = o 

A - (g(x) ) Jl% f(x) = g ( X ] q( X ; Ul 

^Ok! A 0^ <F[x] AiihJIUl^ ( A=^{0}) A =(p(x))0lf U] 

♦ F Jb 4ljj> ^ p (x) cJIT U1 Til 

A ^F[x] Til . F(x) iiU ^JicI JUU A ^{0} J u^jiJ 

. P(x) £ F Jtllj 
: <jl rfT .a) j p ( X ) <j! ^ju- 

p(x) » f(x) g(x) 
p(x) ,g(x) -F[x] ^ 
: u[i f(x) g (x)gA 6 T If • ijT ^ ^Jitl A 1 U 
J-I^c J*U g(x) / f(x) Ut JL% . g (x)eA J f(x)eA 

. p(X> h>-jio* g(X> ^ f(X> J±j> of JJfo . p( X ) 

• F J* 3j> jrji p(x) Til 

a — , F J* S)j> j*c p(x) cilT lii : J> jJM aAsS 
y-fj Jt* B 6* . AcBcF[x] ^ F[x] XiWI b 
. B = (g(x)) ^ g(x)e=B a* j, Jtibj . F[x] ilUI( nOjj-) 

- V XT - 



q(x)eF[x] ii}-^ J+j d^k* p(x)eB ^J-* y*h Ac B 

q(x) « g(x) .q(x) 

• >-» V-*-* 51 <t W J g (x) u i ■ <b> p (x) j& 

( (^jU Vj ) F tpU <>* g(x) dlT lit 

. B - F [x] Jtilj . F <j Uj 
Jl — dUj q(x) - ceF JL^-jJsJI <>• q (x) cJif 1*1 Ul 

ii! • B = a JUUj A = ( p (x) ) Ji ^g(x) = r'.p(x) 
, ^Jfct A 6i» J^.j U^- A B Jit. Jb.j< V 

: oo ju* 

. ( V >ii ) Z 5 > ^ x* + Jx+2=f(X> 

( ? ) Jl- Z 5 [x]/(f(x)) JtJlj 
Q.[x]/ (g(x)) Jbbj Q[x] i 3j> jrjc g(x) = - 2 di)^=» 

(A) AUjj* 

UU«A = ( p (X) ) atf j n 4>>JV y» F J2> ^>ji> p <x) Calf tig 
: ju>j JSLis ^ F[x]/A & ^ JT ^ F[xl iiJbJJ V-Jj 

A+(b a +ib 1 x + ...+ fa.-,* " 1 ) , b f eF 
. F Jfl^ F[x]/A o^j* JS>K = { a + A:aeF } J>*SU>\ 

- m - 



^ A+f(x> jjcul j^ji ^ F[x]/A ^ ^ jr i 

f(x)eF[x] 

f(x) - p(x)q ( X ) + r(x) 
r(x)=c g p(x),r(x)eF[x] ^ 

dcgr (X) <dcgp(x) f 
f(x) -r(x) = p(x)q (x) eA ^| 
f(x) 6 A + r (x) |-| 

: ju.:JI C SZ* f (x)/A a* $ d 

f(x) = A + ( b + bt x .+ ... + b m ^ x"- 1 ) b,eF 

: Sjo- ^jij # jCJI la* ^* jjj 

f(x)-A+(b + b lX +... + b (i . l x n -') = A+ (c + c t x+ ...+ x—J ) 

lit 

g(» ~(b — c ) + ( b t - c t ) x+ .., +( b B _ t - c^Jx -' eA 
g(x)== Til n <*.jM j« poo ^ . gCx)^" p(x) 6l» ^ti^j 

(i-0,1, ...,n-i ) b-c. JUbj 

: aljll [ 

cp : F — v F[xJ/A 5 a — * a+ A 
- TXC - 



(p(a+b) = (a+b)+A = (a+A) + (b + A)= <p(a)+ <p (b) 
<J> ( ab ) = ab + A = ( a + A )( b+ A) cp (a) cp (b) 

J} U J^- 1 S [i ^ «p(F[xJ/A) JJU F j < JSi5 <p bl 

K - { a + A : aeA } 
Factorization of polynomials J«fje ^1 JJbbJI * _ Y — T 

(£,) uftjjai 

r* 23 s°° ^ J>* ; uu F j*- > j***- 4 * g(» _j f(x) cjit ui 

: qooeF[x] <^^j g(x) | f (x) -j dl'JJ j,^ ) f( x ) 

f(x) - g (x) q(X) 

ft) **^» 

j-rfPoo cJITj F J5> Jb oU>>ji> goo ^h(» 3pw cJlT ttl 

«poo |g(x) jl p (x) | h(x) gAftpcx) | h(x)g(» 3#3j> 

— (p(x>) o! h<x> g(x) etp(x)) oi» h<» g(x) r -U poo 
J h(x)e(pox)) 4 Til jji^Ulj ( v i*ju ) F[x] iikl ^Jfet 

: ^IsJLj gooe(pcx)) 

• g® P (X) J h «) (— P(X); 

*U_*J1 ^Jfr poo jF[l] ^ <J*> ^ 4-1 ^>A> P(X) CwJlf 13} 

i^k iu>1j 4*J3 h, (x> p QD OAi hj (x) e F[x] h, (x) h t » h„ oo 

. { 1,2,3 , ...n} 3 i JJJ* 



(V*) 4iAj*J» 

J\ ULbv jS* f(x) eFfxJ JT ^ F ciJIT U] 

. -u»j JJboJIUa.^. F[x] ^ 4j$j> Olj >j> *U> 

oliy^ji. f( x ) ^iiT ISJ . F[x] jjc iajJU f(x) 6 F[x] 

: hex) , g(x)f=F[x] 

f(X) at g(X) hiOC) 

m p 

. f(X> t>« ji^l g( X ) j h(X) £* 

^ U ^iiT tij L.l . L» _Jti jj^iji jjt g(X ) j h(x> cJfr IS} 

i • • • . . MM* <b j^- 

f(X) - p,(X) p 2 (X) ... p n (X) 

f(x) =» p x <x) . — p„<x> = q,<X) q m (x) 

Jf- q^x) t^CI q t (x) J»f$3 q.(X) tf-wl p~C p^) ul» 

: J* tH* 1 * j-^J u°J*-' . F 9 a, q^ - aj . p^x) Taj 

Pt<x> p n (X) = a iqi SX) q m jo 

'-^•*J qtcx) = a s p,ao i^tl,. 
Ps 00 Pn«) - a^jqaOt) q m 0D 

- tn - 



1= a.a 2 ... a„ q„ fl (X) ... q m (X) 

<jl ^1 n=m oiK" bi Jsu» Ji* U* j 

1 = a. a« ... a 

ti 

"^i . I| T - «> w * ^jj^ ^ q ix) j p. (X) Otojjk*-l» Ui 

: dVT) ju* 

x* + 3X 3 + 2 x + 4 =■ ( x - 1 y ( x + 1 ) ^! 

: ^I^r . Z 5 [x] <j 
X 4 + 3x 3 + 2x + 4 = ( x - 1 } 2 ( 2x - 2 ) ( 3x + 3 ) 

: or) Ji£* 

: JJ Jl IjJUi ^ f [x] 3 f(x) - 3x 4 - 3x 2 — 6 SJ'aJl 

f(x) = 3(x'-2)(x 2 +l) Q.[ x ] j 

f(x) -3(x-t/a)(x + ^a)(x 3 + i) R [x] j 

f(x) = 3 ( x - J( x+ x + i j( x - i ) G [x] j 

Fields extensions J^ftsdloMtii © Y — Y 

CD **fS 

f — {'ST ^ Sft - F oS" F Jii- 1 ( Extension ) J-U** y» E Ji^-I 

. E a* 
: 0T> JK» 

. Q. JiW A Jl R Jii-I ^ C «iDiT Q Jji-i R ui 
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F[x]/(pQD ) 0|_iF ^-i 4-jJ>J»> p<x) cJUj 'ilfib. F ^IT U) 

♦ F[x]/(p{») j ji-* l^i px) j F JjbdJ ja*» Ji> ^ 

Jti^i V ) F[x] UU4 AMP®) o-i'J 1 v M:U ^ 

. ( JjIJI J-i)l Cr tT ) J*^ F|x]/A 

. F J»tc ( A ) F [x]/A a* Ji- K = { a + A:aeF } ui 

. K JlU ^ yi F [x]/A Jl% 

p ex) - a 8 + a, * + ... + a n x n 

: b\ <x y)\ x + AeF[x]/A j-*^ j 

P (a ) - a + a t ( A + x ) + .. . + a„ ( A + x )° 
P (a) - A + ( a e + a, X -f ... -fa^x") 
- A+p(x) 
= A 

.F[x]/A <j ptx) a \»\ F [x]/A JlU yL* j» A 6^ 

^lywdlUlfCx) . 3^ ib^ otti F[x] a f(x) j-^ib. F £*f UJ 

♦ F J**ll i*J*X\ JjibJI a>f 

- ttA - 



Jii-I j \^ iXM f (x ) F Zjj^ jrj_c f(x) ^tr 

. f UjUI ii»>tl ) F Jit! iJur F[x]/(p<x>) 
F J* i)^> p(x)eF[x] ±» F J«- 3,ji f(x) ^ ISt U 
(q( x )eF [x]) f(x) - p( x) q (x) 

F[xJ/(p(x)) j*j F Jii-I i^jtji^ciUj p( X ) iiljl Ojill 

. p(x) t>*i F Ji- ^Ift^! p( X ) isjoJ- 

~r ] Q. W'A iw^ q, j» a,ji c f(x> - X J - 2 

f(x)-x»- 2 iij4j| tjJu- <iy?j Q, JL.B ^ [ A =(f(x)) 

J&Jl ;a — ^ ; J>A , jj^ll Q.[x]/A Cf tf u 1 ^ 

: SIUI ^k^;) a.beQ. ^ ( A !:•>. ) (a + bx) + A 

(p : Q.[x]/A -*-Q( V~2) ; «+bx)+A^a+b|/a 

• ( 

: M> Jtt* 

: o^ij Q. J* f(x) -x*-5xH< ioyki-l 

f(x) -(x'-2) (x»— 3 ) 

- m - 



q( X )-x J -3 j p( X ) = X J — 2 

A-(p(x)) boil iMi . juitic jcLjk q jfcji ^ a UJ 6 < f o^l 
. JjLJ Jttl j ^ Q (l /2) Jfcj jJUl Q[ X ]/A *UI > 

jUlJiUI Q[x]/B axJI Jit, tijiB-( q ») li^l li] Ll 

TjL. J 0.(1/2) ( dli ^ ji* ) ft(v ^j 

. f(x) a*!! 

Algebraic and transccdental elements 

(V) Ubyo 

^ • F > kje* F JUI E *UI Jii-I j a ^Jl 

. '(oO-O f(x) eF[x] iji^ >i 

. F J* UM^> ^cx a d li F > tju. a 6 5C ^ li] 

■ ( * ) Q f 

•.I 

— '» 

e » 2.71828 j * = 3 . 1415926 



* 61 > uM« { "ail . U* LtT Jl5t ^ &S> 6 J 

( 1852 -J 9 39 ) tfjL-JI dli ^ a-ij , AAT ^ Q Jp f LjU 

(1822-1901) charlcs Hermite ^y^l c^U'^JT ^-Ferdinand Lindemann 
JU JI>V L.Lil • Q J* rl-^ e *t > >Ayr f lc 

J ! >^ 7c e ^ Q. > f L^ e* of r jz n r-»r" <i~ ±* 

9 - v r 1 ^ > r l - > 
iiMI oUjjll ft j, ^ ^Ujf o,a iJtfl i:»^U /x-, 
jsui <**J :iT ^ ^ ^ii 0jiJ( ^ ^ ^ ^ ^ 

f L_* ^L^l) J^JI ^1 j Hi „ ert ^ Cr ^ j %W 

( ^i-- ) Schneider i Geliond j. JT l^U ^ ^ ^ j 

(1 T> 

• Qt^r 1 *"* - a p 6^ ( (3 # o ) 

■ ^ Q. <> r 1 - 1, 7 VT QJ* r ^ 2 ,/1 

. 0. (> ^ j/l +1/3 ^jj ^Jt 

(A) <**ifS 

co* r*± tfj kx> ^ 0. > j«r c Of JT 
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I itfJj. ae F tfUj F Jibdl \m* <W>E 

(p. : F[x]-* E i f(x) — - r(a) 
CP UJ Jaiflj ttl F Jb fL~JJ» a Oj* E J] F[x] 4ibdJ ^l^'fl JTL£31 



F .> f 1 —- a ^jJ tft • ( *-'->S> J? f(x) ) f(x) gF [x] 

(U) *LAj** 

C**Sp (» 4jJ>toJ1 »oa ♦ p ( a ) = dwjw p(x) eF[x] Al^j> 4pja> 

vi*--> f (a) _ cJ1T ttjj ♦ l*)T>* a JJ& F[x] j ( u^l ^JUj 

. p(x) I f (x) : ( f(x) =^ £« ) f <x)eF[x] 

<p« :F[x]-Ei f(» — ■ f( a ) 

. E i F[x] isUI ^-LN! JTIUI 
( ? lill ) ^-Sjil^ v ( ? ISU ) F[x] *iW i>:- kcr 9 - A 6l 



. A = (p( X )) vU* P cx)gF[x] 

U T >-a J f (x) eF[x] oly,aW JT ^ ^'fc, A u' 
f (X)6A ui» f(x)^o f (a) - ^ \>\ Ul . ( ? iSU ) 

p (x)e f (x) U£1aj 
L_A a jj 3 jj| F[x] j a rJjJi ^j., p(x) 

• (aeF) a . poo JiC^JI <y ^ ti f ^ a 
• 3>> POO ot . ^ p{x) ^1 ^jj ^ 

: r(x) , s<x, eF[x] Jm ^ j[ 

P (X) . r (X) s (x) 

: ol p ( a ) =o o\ 

s (a) =0 3 \ r (a) - o 

w» pao j pap a- * — <?J> Jil s (X ) j r(x> ^iUJ Ijuj 

. ilj> jjc p(X) fc] . U a jjj ^j, o) . 

ft) UUytf 

p(X) - x n + ai _ t x"- 1 + + a , x + a 

j-jlb U >^ F Jfc a J^JjsJI ^ 4,^*11 ^jy" ii,UI j Shrill 

irr( a ,F) 
- LY TT - 



• deg(a.E) >JV U F Jk a *»>> ^ »r (a , F ) d[ 

: OV) ju* 

irr (|/"S,Q) =x l -2 ol 
a - 1/ 1 + 1/ 3 e R c^lT 1^1 deg(a,Q.)-2 j 

( t liU ) x* - 2x»-2e Q[x] lj>j**A a 

Jl 1*1 p-IJ p = 2 J*^ *^ ) Q, J* SJjji >6 x 4 -2x J -2 61 

. ( -2 ^Ull ji-l r -iJV pi &1 If x« Ji^l Vj ^WjUjx 2 

:M 

irr ( 1/ 1 + 1/3,0.)= X 4 - 2X 2 — 2 

deg(^i + 1/3,0,) -4 

irr ( |/a,R ) =x — l/"2 
dcg(|/2,R) = i 
Simple extension Jin.. ..A Jb.J*31 Y-t-T 

JTUJI cp a a^'i • a eE iQ> • F tH 1 aA — ' J 1 ^ E 

i$\ . E j F[x] *iU 
<p a : F[x] — *- E > f (x) — *• f (a) 

- IU - 



A = kcr (p a - ( irr { a , F ) } 
: JL% ( f liU ) F[x] «*U Ui«t lit!, 

q> a (FC*3) <M' J^ li H • <p a (FW) cE J jSUr Ji» F [x]/A 
F (a) yJ\> «J >i ajF E Jio- j» E 6^ 

(? UlL E J* F[x] a* t;»l : :. ^ . F > r L^ a £^ (Y 

u>>- LLfcTJ Ixku cOj ( ? 1*11 ) ^Uo. 9^ (F[x]) 4^ 

K= {g|^:f(a),g{a)6F[ a ]5g(a)^o } 

• a jF a* E y Jj~ JJU >J K K E 

. l*T F( a ) >jllf K Jii-I j-jU, 

: OA) jk» 

q^, x) _ { _Li- : f ( X) , g (X ) * Q[x] J goo } 

O*) 

F JM Simple extension Ja**** F E a-uU Jii-I 

* 

aeE ^ E-F(«) 

0©) 

: j^jJ^A^^ peE-F(a) jA^JT^ dcg(a,F)^l 
8=b +b,a + +b B „j a"" 1 b s eF 

- rto - 



q> 9 : F [x] -*• E i f <x> -*■ f (a) u 5 ^ 
: J* . E J*^' (3 F [x] *1UU ^-l-^ll JTlTll 

: Ol ^il p(a) = o b\ 



- a„_, a 8 " 1 — ■"•* - a, a — a 



a a a cc n — -aj a' - a a 



- — a ( - a n _ ia n_1 — — a ) - a n _, a n ~ 2 - - a 9 a 

- c.j a"-' + c n «a a 8 ' 2 + - + c, 

: jl^j J<! ; 4^ jru^JI j^Ct peF( a ) j^u* <$1 jtj-^Vj 

P -bo + b! a + + b n _, a"" 1 
p-b„ + b, a + + b„_ 1 a n - 1 -b' a +b' l0t + •••- + b' B -,a n - t 

( b, - b' fl ) + ( b t - b\ ) a + • • + ( b 9-l _ b'.. 4 )a- 1 = o 

: si-* gaoeFjx] J^jjj «lT tft 

goo - ( b, - b' ) + ( b t - b' t ) x + + ( b n , t - bV,)x— • 

»t_» p(x) *»-js a* lf>\>> 0^ £« ^ a J^C 

; : uU^ m E ° 

. b, - b'. tfi b. - b' = o 



i i 



i i 
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: (U) yz» 

• P(X) Qt ^ Zj JJ^JJ ^ £ Jj^ ^ 

E - Z(a) - {a+b a :a,beZ } 
Z ( a ) - { t,i, a ,i + a } 

• E J 6 • j + 0J>u. wjTl 

* + (i+i)a + a i -a j a 2 = — l ac - i - « + i 



♦ • * 



- TTY _ 



■1 . UJ X___r IU ?a : z 5 fx] Z 5 J f (x) - f (3) ( ^ 

9 ( x»» + 3 x" 7 — 2X» +1) 
• Z 5 i 2 + J x" + 2 x« + 3 x« iajaj-l j[kJ ^ x^j\ 



f (X) = x 3 + 6 x 2 + Jx + 3 




( T 


g(x) — X 5 — 5 x* + 15 




N» 


h(x) = 3 x« - 8X 3 + 12 X 2 - 6X 


+ 2 


( r 


k( X) _ 12 X 7 - 15 X* + 10 x - 35 




( * 


f(x) s= 2x s +4" x 3 + 4-x'+9x + 


15 

7 


( * 


f( X )« 1 X'3 + ^ x 9-21x + i- 




( j 









F[x] 3f(x)= a + a, x + + a, x° 

t>U F j a ^ a #0# ail ^ ( JUF ) 

g(x)-=a„ +a B _ 1 x + + a l x"- 1 + a x° 
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g(x) r -S5 f(x) J ^Jt» f(x},g(x)eF[x] j ^ F otT (t 

. g(x)e ((f(x)) lij iiij lij 

: o 1 f (x) , g(x) eF[x] j 5*1^ F 'ij (e 

A={h<x)f(x) + q(x)g(x):h<x) ,q(x)£F[x]} 
CfiUkk. & f(x)jg(x) wilT li] «lt i>»j F[x] I*Ufl ill. 

• F Jt ^Jj* J? k. * J^> 0' (f* V *H» A#F[x] j 

[ ^ Uji Ua* JUJ ] h(x) ix»\j ±»j *iU 

• g(x) j f (x) *r r iJ h(x) ( T 

g(x) s f(x) J* *T pJfc cJ^j F [x]9k(x) ^ \l\ ( v 
. dl — )* w^jI . h(x) r JB k{x) 

common divisor ) \jL (JacW A JLJAS h(x) 

( greatest 

( L«- jZjk* U-J ) F Ji* Js g(x)jf(x) IjJ (V 

u(X)v(x)eF[x] «— ^1 iljllil r ti)lh(x) u^j 

: uj<J ^ 

h(x ) -f (x) . a( x ) -)-g(x) . v( X ) 
: jf z* h >U A-(p(x)} jF Ji* > P (x) cJlf li] < A 

- m - 



• F <> p(x) ^ ^\ Jaiij M\ JSr* F[x|/A 

a,b e F ( a + b x ) + A 

cp : R[x] / A-*-G j (a+bx)+A-^a + bj 

: o 1 F ulT li» {\ 

K»{|i^:f(x),g( X ) eF[x] jg( X ) #0} 

. ( F{x] UUI 

j/i + y- , l + » , 1/2 + 1/3 , 1 + K"2 



• 0. J 6 a i5U <l de 8 ( a,F ) irr( a , F ) v,» J" j 

J I A a u*> ? V ^ Zj[x]3p(x)=x 2 -x + 2 J» (u 

- it. - 



j** a «J*y; . 2 4 4>j> jr* p (xj x 3 + x 2 + l •> — j ( \T 
. Z 2 ( a ) ao-jl . z, sj^ p (x) 

: <y if J? beZ aJt*U I— ill U.li J*^ ju*,t (\r 

11,10, ,4,3,2 

b-a„+ a t (10) + + a o (l0) n J^- J* b w^Tl al-jl ] 

. [ b ( modn ) - — »-l f 



♦ * * 
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Algebraic extension ^^aj) 0*0*31 ~-X—X 

(1) ZAj* 

: li| . F J* tjj* E9« ^Clj F JfcJ Ljut E 

: 4la*IS < n Am, o F J» yt? ^ ,Ui F( a ) u[» deg ( « , F ) - n 

<f*T >• peE $ £)\ ai . {l, a , a s 3 , a -> } 

• d eg(P<F) ^deg(«,F) j F > 

. (. ,£ttS <y jii ) f vt *:, »Ut F(«) ^] o 
: Ja-^j ij^u *^LT p e £ ^ JT uji 

P= b + b ia + + b _ 1 a - 1 , b. €F 

: c/i b. = o „_J ^ j |3 — o Ul«*- IS] 

o= o + o a -| + o a 0- ' 

— TU - 



F J* yt? : - cU * E Jb'l^ F Jf E yr *:U .LiiBJatti^ F( a ) 

n 

: c«l E & u (3 o^ :) 

^^'^ (n<nH ) E j Lki- Hi:„* jri icy^ 

: vl--^ a.eF 

a +a,p + ... + a„ j3° = o 

: i^jjii-li . jlL«1 I,*-?- c — ) a. 

f ( x ) = a -i- aj x -f a 3 x 2 + ... + a n x n 

deg(p,F) ub F fty • f(0)-o -> F[x] 

. ( ? liU ) n ^rVi 

j-** (X <jlT lij F J Tj w cJo F JM E TaJ* Xfc>- 

F J* n a~ la »La» E u&j F JM E <jlf IS] 

[E:F]-j jv ^rj F n *>>d1 boojs E £li 

• F J^' > E ^> •Liifl_5 rja J! 

Jib- E 4iJ1 ^Wjf F JjbJ L^L» Uo*. E JlU^at^i.** 



- ur - 



: 0> 

F Jib^^^Jib.^F JS> J^n ^>>iJ1 o* E -LL. ^ J2> JT 

SlE- Utf 1 , p , p> , ... , p- ; 6 U F ^ peE ^iT ',1 
J -~>- • ( n a.; ji F J* «U» E ^ ) K j Ui- 

: a. <= F 

a + a t p + ... ^ a n p n - o 
f (x)=»a +a 1 x+ ... +a n x" 4oj-i» as-jj fol . l (J » r ?- tfjLi^ a . ^ 

a ijs E J F ijy* p idly j f (p) = o F[x] a* 

F -1 ju. 

K J,LJ E JJbJI Ljz* fcj*. KjF JSsJ Tjjm E jtT U] 

: o]3 F JiaJB 4^L»jju-m 

[K: F ]-[K:E][E:F| 

u*; 1 ^ F J* E SA*li { a -, : ' =- 1 , 2 , ... , n } o* 

>A . E > K ^iLI SacU (p. :J-i, 2> m } O 1 

Y = ^Pt+.-.+bu, p m b. e E 

a^eF b, -a,, a, + — + a Bj a„ 

_ ru - 



Y = S'. Say a , 5 (3; -Saijio, fi, ) 

j=l i-l i,i 

: uf c.. eF>)2 c. . ( atpj ) - o o f 

S( E c.. a-,) Sj = o 

^i 1=1 r 

: Til E J* I-Li flii- jj s . |{jc a , ) eE 

1=] 

j si ^ c _.o J,d* j F L^J U*i ^iL— a , 

: sityj F j^K I SJLili aj^j ^^li 

[K:F]-[K:E][E:F] 

F C>1-* ( i - 1,2 , ... , n - l )F. JhJi Uf^ W Fi., 0* UJ 

[F n :F 1 ] = [F n :F n _ 1 ][F n _ i :F n _ 2 ]...[F 9 :F,] 

(T) ^ 

(3 6F(a)cJB*jF Jka^aeEcJiTj F JasJI Im** "iO>E £irtt| 

. degU.Fj.^Jfr deg ( £ , F ) ^ 



: o]j ( \ *:•>. ) deg ( a , F ) ■ deg [ F ( a ) : F ] (j\ 
deg(p.F) = deg [ F (p) : F ] 
F(a) v* w*Jf •ji J >-> j» rfill F (>• ^'jo- *U»» F ui 

[ F ta );F ] r -i, [ F((3):F ] 

(1) J&» 

Ty^ *U2 V 0,(1/2) J ( r ) > T^d 

Joj-iU ji. ( ? liU ) deg( l /-,Q,) =2 ^ x'-2eQ[x] 

^.^r •Jj.r" 1 ? ) ai,a»eE F jfcJI E 

^•j ai <£>^ F J Ji* ji*! ^ F( a ,) <ji ^« . ( F (Jp 

JiJI Ji^ ^ ( F( ai ))fa,) ui» . E 

( F (as).) (a,) yj'Ej La,J j ai j a, F ( a t ) 

JU uLi V 11 - • F ( a ,, aj ) yj\f jUI j.jLi IJJ 

F Ji*.U Jl. >J . aj eE ^ F( ai ,a„. ..,«.) 

. = 1 ,2 , ... , n) a . 

. F JbJ tt| ^LJf i,L,L F a- F ( a, , a, , ... , a. } J* J^' 0^5 

) E a* ^Sj*. Ji^ e jsi-l <>» tfj*- ^Mi; jl 
JT ^Llis F (a,, at,..., a.) 6 ! ^ ^ • < <>* 

• ( £ - l , 2 , ... , n ) a . F E J* J^ 1 

- tn - 



JUl i-uli {i.i/S} o' fc\ Q> Q.(|/ a) Jul) ;acli { i , j/t } ui 
: o. u J u I»j • Od^) > Q.(l/",^3) = (Q(V"2))0/ " ) 
• O J* 0.(1/2, iocli {i,V!,i/3,V-} 

: Ti! . V a * Q,( »/2 ) J ( O i Uli>V 

{ ? ISU ) [Q.(i/'2 5 V5):Q.(v /, 2)]=3 
{i,Y2,YT 2 } t-; . Q, > 0,(1/1) Jul! {i.iZ-S } ul 

: 0( |/2 ) J^ 1 J 6 0( |/a , V 2) JUI SJfcli 

0.C i/i > v"2 ) ji^a iJie i {1,1/1, v 2, v? , , y } 

• O J 6 

. V"e 0(^2 ^ ~2 } o ] j V? - 2 V 2 6 1 ^!_, 

( ? ) O > jji x 6 - 2 e QJx] SojjJI 6 V '2 o* f 

o* ^Q(V^ ) o* </> J 5 - O : i^j 

. Qd/^VS ) 

«-[<i(v^,V1):Cl]=[ 0(1/%V2, :Q( V" ) ][ 0(V"2) ; O] 
= [0,(1/", V"5):Q.O/"3)] (6) 

[ 0( l^,V2):ft( .V! 1 ) J = l 
- UY - 



0.(1/2, V'2) = Q(V2) 

(?) fc*^ 

a «,..., a, ^UJt^ j>ji«>Aea»y a<^F JifadttLjO-tjUME otftt} 
JbU^,UaflEo«"b1 JaidjU] E = F( a ajCrfwEy 

a, oi-i ' F JiJ ^ E J U . E = F( a a„ ) ,>y (V 

.EJFJJ-.1I jIJp ^ju. a. JT JUL, . F > j*r 

F(a,,a t , -.,aj) • F Ji*B i-^ F ( a , ) u!» 

^{rji^w-rf ( j = 2 , ... , n )F( a „..., aj-i) cH ^ 

F » F (a! ) > F ( a , , a 3 ), • • , F( a , , a>,, - , a „ ) = E 

F JiUI sJtf E 

. F rf/-. »jf E (Y 

. E-F (l) -F uli [E:F] =4 alT ^ 
■ [ F fa, ):F ] > l <jU (a.^F) a , e E E# Fulfil 

(a 2 £ F( a .) ) a 2 eE -Lit VJ, jMI ^'1 F ( a , ) = E b% V*\ 
jaa Ji <jt } 5 x£. iJic[ E:F ] (J U .. fcjjLW ^jlij 

■ : ^ a. 

- UA - 



F ( oci , a t , ... , a„ ) — E 
Algebraically closed fieldg Lj*> 4a1U1 Jjjbdl V - T - T 

. F j T dils F[x] j>» 

: 0) ojj*" 

. j^Sfi UjjJi ^ gr« jui. sjAi f[ X ] cy f(x) 

* ***** & F H** ^ Ji*l^ 

♦ ( F a E C^au E Ljj> F Jibdl ^ ^ > 

: jt. ^iiJ a6 E _L->| . I** jW 1 F JUll c$jt~ sJtf E J J*/' 
iUJlj a eF U| . ( l>— >■ JU- F 6^ ) irr(a,F) = x— a 

. E-F Ti| . F c E E c F 

UJ F J»*l ( algebraic closure ) 3*j*> AdLoJ *^ F Ji»- ,>c J 

. t :Jjr Jli. F ( t 
. F JJ*D <5>k s-tf T <<_> 

- U\ — 



* F <kj?> vSU* F J5> JS* 

(0) 

Oi_i Jl'Jtj . C j Ty-. iUcM f(z)eG[z] <jt u^jii 

). bi j I ] SlU ioy f(z) ^50 jl Ul . C JJrf -f^- 

: 6l» [ f(z) 6 C ^ 



lim 

/ z I — 00 



f(z) 



0l» itl^ . ! im I f ( z ) l=oo 

• - ■-' | Z |-»- 00 



... i » l . 

C ilJ'v^ G i cfJix C(z) j fcitf jr — c iij-b- <j! 

(V) 

. R JA*H ZaU C 

. a J-s— Jo*** CU c <^ cJT 
. [ iiiJDi j jun iyji jji r j^.^jt ] 



eft ^Oj < i^lJUIj.isljitVI a^li J i-jcAl oUtllVl jTju Itf" 

Jjlj . JljLNi *Jue-i j LljL >:»! J.ki i)U» ,.>» j*it 

Olf (Gonstructible) * Lli^I 4ll a 

j ^ (jrJuI** O^jao- (j* * J> s ^ ;> ' A *' I Ot | tljk i»Jl«.A 

. » Ja~~* A_iUj j 1 *- j»j i^jjii.1 JjW 

ijjtf aJi * *llll ill—* l f tl>-jl <j^« jj,— 11 * J^==«^ *l-ill 5)1—* jj^ 

( *-JJJ u* t^ 1 -^ U; ^J 1 — ^ £j* ) 

^.1 . ijijl jj-tjiVl <>« ;at .Hi I j JuJCj.1 ^-JalJ! ^ sJt .111! f 

*j *> JU u-y *mt diUf . »illt J! jij- .ULl 

.ijUSI jiai v-i^su <ijl~J J ji» *l-lit _j u- jiJI Ji^fjij^jJI j^ j* »l~lt 

uom, jfi.J Lei .LlliU iljli)! iJLii-l aacSl £.r*>« j j*^ 6^ J : * 
. ijjdlj ia'ae^l a^jll jj* «jj»L ! i-X r )l Ot.U^l 

. <J J* j w*--0»> ( 1 

. L L»jji» t^j'jj P *J»ii (>• L' |^~* *^'' (t 

^1 ji> JuJI jC^il-Al jualaiJI I '» j*.* a*j -|T \kyh i^JLLw. i»Ja» *lill (i 

. ( o # n f j / 



: «Llil olS^VI* ,J_,li 0>U* i>X5». crsJp ^ « a SiJ 

(|3^o)-|^apJa-p-»p+a 

• R a- ^> js> F 

: &u>jJ\ 

. F j tf^* > itllfj R i Jfe* Q 

1^.3 ^ 3JtW UJLi\ ^ 4U5~ ; jk-llj jU-^ill l^,; 5C< 

Q, <j* \tf^^ j^:Ja*J ^ j« j^..o- . J^'ij ^Ui; iki'j 
Q. a* ' Q. o* »J la " oUU e*lj 



• o. <y \ct* if >» 

<T) otj*> 

5 7 2 3 5 

( - ' y ) j ( y ' T ) od-Jl jdi T 
: JT j) a u. Ji JUiVt LlU j^Ui f «Cji j 

ax + by -j- c - o 

x 2 + y 2 -f kx + ty + f - o 

. ( t ^ ) a,b jCj k 5 e,f e Q. ^ bj 

x 2 + y 2 + k t x + e t y + f x - o 
x 2 + y 2 + kjX + e 2 y + f 2 - o 

( k t - k, ) + ( e t — e, )y + ( f t — f a ) - o 

. (r j ii j£i III ^rJdi (r) iJii-i t>1 ii bajL IJ^ j 

l r ^)R 2 tf^Ui i U)L1',I ^Cc J,lC kyf J} feli J.UI ULj*. CjI 
uI*j: i-l&l i:*jdl ^-i_L" j . ^JC« jJI J,liJ c—J 

(o) aatjj* 

I £^ *JLii> bUt! a, , a,,..., a cJtfttJ 
- ToY - 



ai 2 eQ_( a^a,,--., a,_, ) (2<i<n) 
♦ f LZM Jjlfl jae Q,(a,,... , a D ) JTOlS 

ai 2 eQ,( ai , ••• , ai-i ) ( 2 < i < n ) 

deg ( (3 , Q ) - 2" 
: ^ttll Sjjj^ JJUI ^1 i^jjll J"> a~ 0% 

^jL-< >T ^L* f Lty U>> £0*b < ^afr lib 1 jj 

t fJ J-l J!>^ j^sil ^.5^11 ^ JjL, 

. Y" **u j> jdbj rr * jj-ij ^l, a ;J ju\ _»cn r ^ 

irr (Y~ , Q. ) - x* — 2 

: 

deg ( V2. Q. ) - 3 
. .liitt) J,li jr* VI aii i^j 2« =3 keN j^jV 4JC) 

CV) 

- Tot - 



cos 3 e - 4co S 3 o - 3 cose j\ omi CX* bJ 

. i cos e i •^u: 

cos20°= a o°jti_> COS3 0-1 JtlUj 3Q = 60° u' U*>i 

8 a 3 - 6 a — l = o rf | 

jjc f (x) . f(x) = 8x 3 - 6 x - l e Q.[x] iajJbJI jL* a ^Ulj 

: .y\ ( ? 'ill ) Q. aj> 

irr(a,Q)=x3-±x--i 
4 8 

deg( a ,QJ = 3 ^LJlj 
. 2 k = 3 

• (t) oo* 

. jU-jUL 45° ijljll' jJttok^ ( Lju. ) cJl 

(A) 

jl>>JL > SUuw S 4>L~* ^Uj 4i>U«* t>y AJZ] L* ^ £»fctfL cr-J 



— Too _ 



(/" idUj . Q, > r L-L. 7C i\y J>)l .LL-I ty 

Auto-narphisiin of fields I JjfcJI ^ 4j>U)1 O^WJI < — T — Y 

t>t«&1jL» ^ a,^eE ur^ 4 J /*> F J**!! tar E ^CJ 

. F Jb 

irr ( a ,F) = irr(p , F) . C-ilT ^ 

CO JU* 

: R- J" G aU^i a -ib .> a + i b ui 

irr(a + ib,R) « ( x — a ) 2 + b 2 = irr ( a - ib,R) 

irr ( l/*5, Q. ) - x 2 — 2 - irr ( - y/z , Q.) 
cp :F(a)^F(p)5(b +b i a4-...+b n _ 1 a n ~ I )-^ (b +b,p+...+b n l p n - 1 



. Jilt <p >/' : 



irr ( a ,F ) - x» +-a D _ 1 x" 1 ^ ... + a 



+ a n_i * + ... + a = o 



? IjLL ) p" + p"" 1 + ... a, (5 + a = o 

f lall ) irr(a.F) r* ij " iri* < p j F) c\> U*j 

i,l Jl 1?}!* tbyj <p _1 : F( p ) — F{ a ) jb* ol f 

irr(p.F) ^-B irr(a,F) 

: Til . j*I jJI y> irr (p , F ) j irr( a » F ) i x» J&t ^ i ;j 
irr ( a ,F ) = irr ( p ,F ) 

' . O'ii'ju p, a i^J 

irr (a,F) - irr ( p,F ) - p(x) 

: F [x] F ( a ) j f(x) — - f (a) 
F[x]—*F<p) j f(x) -vf (f) 

Y _ f (0) ^ - ¥*V - 



ker <k= ker ( p(x)) 

: <jL».i> CflSiZ a_<»-^ J>^\j 

a :F [x]/ (p(x) ) _^F(a) J f(x) + ( P (x)) f( a ) 
8e : F [x] / (p (x) ) F ( J3) j f (x) + (p (x) ) — >■ f(j3 ) 

: ol» illj^ 

b 8 + b, a + ... + b a"" 1 e F ( a ) 

.1 

OpOrV boAa^ +^.ja"" 1 ) = 8^ [ b +b lX +... + bx-'+l p(x))] 

= b + b i p+...+ b^jp"- 1 



F 4 F ( a ) JifedJ cp ^l>f JS*U* JT 4>ld < F Jii> « ^ 1 ij 

ja^&flylej .F^p M^'/^*^. (aeF)<p(a) = a c^aw 
F t| F(a) Jaatfl , ^ JfUtoo^^ F Jb oc ^ai*!! p ^ly. 

^{3 <^e a 

( a6 F ) (p(a)= a F Jl F( a ) t 'At ^H*; ^ 

• t • ••! 



irr ( a , F) = x" + a x" 1 + ... +a,x + ii 
a + a, a + .. + a .a" -1 + a "-o 

n — 1 

o= <p(a n + a n l a n_1 + .. + 3l a +a ) 

= [ <p(a)] n + a n _j f (p(a)] n_1 + • 4 a, [<p( a )] + a 
. F J* a j^ii j* [ ja p jj. p = ( p( a ) 

a t b eR , a+bieC f(a+bi) = o ^Ifj f (x) eF [x] c*lf ttl 

3JLS> jUtl l«JU*1 iuoiJsJ *judt ^Ul*¥I Of $ *f ( a - bi ) - o CjW 

: Oi f . C = R ( - i ) G = R ( u 1 l~» J Jh- 

irr (i, R ) = x 2 + 1 = irr ( - * , K) 
: 41 Ul Ojdl Ul . R JcoUilj^. — jji JUtj 

<p : C — *-G ; a + b £ — k-a-bi 

: olTj a. eR ulT 'a| . ^sUt JT LtS 

f ( a + b i ) - a + a t (a+ bi )+.. + a n ( a + bt )° = o 



o - cp f f( a + b i) ) - a + a, ( a - b i ) + ... + a B ( a — bi) n 
- f ( a - b i ) 

• - */2 J U» irr Q.) - x J - 2 oi 
9 : Q.0/2)— Q.0/2) J a +bl/"2 — ^ a — b^l 

• Q(K2) J* 0.(^2 ) a- rf*U Ll; 

#U*. JTLL;II ^t> ^ L-tff ^ «;! E J5^ ^ a ^ 6 * Jy; 

: JiUI 

cj : E — >- E 

• a ( a ) = a li| 

Mj E j E Jia LUIJI i 3 uVl o^rti:il ^ s fcy? ^ J,*; 
Jf ^ ~* t-iU ^ a e F elf lil t-*tt E 2 F Jii-I JL> 

■ <yeS 

& <J>U11 ApUVl om^JI ^ S={ ff . :ie i } ^ 

JT Jfc cc? 4s« JLy ^ asE^L-dl Jf^^^] ♦ EJj E J&J1 
♦ < E s j« J K f 4J^)E Uj>'M>JCJar(i6l)a i 



- U. - 



yiel iiiiij (j. ( b ) = b j <j. (a) - a olf 

* "*» » 

<ji ( a + I) ) = j, ( a ) + *ji (b) = a + b 
0i (a b ) = (ji ( a ) (ji (b) = a b 
5 i (ab-l) = ai (a)a i ( b-' )=ab l 

• E O* v 3> Ji<> F JUlj yiel 

(V) uujrf 

; (o) JjUl Jull J 

<p :Q(K1)-^Q(K") Ja+bfi-^a-b/z 
b = o * a+b(/l=a-bfl <= (p(x) =x u! 

(U) **** 

y/j? 4JU1 ^L-JJt • yj JLJSs E JibdU *J>UI1 oMiW31 Jf At^M 



cavwji jr ^ 4jj> g i e/fj s_y»j jcs? < tai f ^jie 
♦ e o(f/p) ^j* J 5 * F *> ? Ji ^1 ♦ E 4j>un 

: c»l» xgF cp4eG(E/F ) ^.C ^ (» 

cp ^ (x) « cp ( J, ( X ) ) = <p(x) - x 

. <p4>eG(E/F) 
( ? ) j e G ( E / F ) bl ( 
<p (x) = x ui* xeF o^*! W\J <p e G ( E / F ) S,^ 

cp~ ! (x) = x 

. E J* LUUl o^Itll JTi^j V>T G (E/F ) UJ 

<peG(E/F ) J" jjlb cJ- h}) u Ij xeF Jf [t . (T 

. F <5^f G(E/F) *s^»*Jl 

(A) CAJyf 

E 4j>Uti 0^61*U1 e j JLijUl Ojjll j G(E/ F) J^jJl 

F yk E JSsdl iyU IjUi-ijI ♦ tJtf F. JJS^ 

. Cal(K/F ) ^^Cjj 

- nt - 



(V) 

: jCdl _:C k ^ J_<i {1,1/2,1/3, 1/6"} 

. a , b , c , de Q a + bj/" + ci/ 3 + d u ~6 



jAU\ J..L:) 1 

17 2 > J/" JJJ! J- : k)l ; 9 

, i)JL ;> - 1/5 > 1/6 ^ _ 1/3 Jp V" J9 „ jjj J;: k)l ; ^ 



if/ cs i 



9 



G = { i , <p , <J/ , <j } 

H i = { i • 9 } 
H„ = { i , } 

- ur - 



K e -Q. 

K H 2 " 0.(^2) 



H 3 * { i,<5 } K H;) =. Q_ ( V 6 ) 

H 4 ={i} ^ K„ 4= q ( ^ )|/1)=k 

[Q.(P'2,|/3):Q]=4 u ] j iJjLI a- G O f -b>V 

:*un£U ♦ p ej^u^'Mib. f ^trui 

<p : F — F j a — >- a p 
« F J&J! ( Frobenius ) ^b>b J*W 

^ i)>^il ^ ) r lA^Li a ,beF ^JC IS) 

(a-hb) p -a p + ( P ) a"-' bf..+ (P) a p ~ r b r + .. + b» 

( P) P ; _ (P-D! 

,r ' r!(p-r)! ~ r ! ( p — r ) ! 

( a + b) p = a" + b p 

- Tit - 



<p( a + b ) = ( a -f b) p - a" + b p = cp (a) + cp ( b ) 

cp ( ab ) = (ab) p =a p b p -cp(a)cp(b) 
a' 1 = o : ^J^t <p ( a ) = o ^ . cp Ta! 

• a'-* Cp • ker cp - {o} Jl-'^fj a =o TiJ 

■ J*"' 5 J'' 5 f j -1 * cp T»j < F ^ 

. Z p j** ^IjV JI*Jp tfy* ^> p ^ F <jl Ic 

• ( L > ^J 1 * J* kfc* 1 ) <p(c) . cp-c al ^iJ ceZp u! 

• ( Z p J"*^ ) F i L 1 ^ P ^ x — xeF[x] iajji-U 

iLlJI ^Ul 6li itltj F j p jf*H\ J* vfiU X p — x ^53 

: . Jrfi Z p j^b: ^» cp jot F jj* 

F « Z p 
{cp} 

Splitting fields Jjib- o - X - T 

: jClll, l^tT ^Ct li| f JS^ j jjC 1^ f(x) wjj* 6 c J^tf 
f(x) - a ( x - b, ) ( x - b, ) ... ( x - b„ ) 

f(x) i<*j5 n j o^aeF f b, e F .i-* 

: o^j E j 3j& f(x) ^!Tj E 2 F olf »*i F J* f<x)eF oo 
E F ( ^ , b , b n ) 

- n« - 



(A) Jli* 

VTwVa V~ oli ( G j ) 1 AJi-a ^.,531 jJU-l w ^JiT lis 
E - Q(V" w) J^l ui» i^tj f (x) = x» _ 2 eQ[x] i^J-l jliJ ^ 

Q J* f(x) j*» 
• Q.(K"S) Q. > g(x) = x J - 2 eQ[x] JJjii Ji^ o[i 

S={ f(x) :ie I } : oilTj F JfaJI i-l SUM F ^ I Si 

4 — ;I, £ cF -ySji-l Jii-I J^ii Uli . F[x] a* oloja^ icy? 
Jill F j j£\ E air 1,1 F > S J J iy b" J*. 

. ( £ e I ) f, (x) olojjJJ jIjuI F c^f 

jiv jir lii f > j^u ju ol KcF ^ J^j 

: u^j: i-li-N i>j*U Jj:-_, 

j^«A»£lf U] Jug^UI F w b < ^i>"Jii>( FcEcF c£«>) jr 
<> J» « E J* « ttff F 4>i F Jjbdl JiW JT 

. LJjUF dtjLi E 

(V) 

F W ^ «J> ^ JT Oli < F J5> EcF Otf UJ 

♦ E J Jj JuS < E J^o ditS 

- m _ 



j*%J JJ«i Jf j_,^U 6[» F j F J* JJji5 Ji^ £ ulf 

( Z_i,UI I^jjll ) E 6'^ E JUll J^b J'ti j» E J« F 

< £ Six Ffxjj f (x) iajj^- _^,U £ J dill 

J ji'J E [x] J f ( X ) oi» itf t _} E j F j ia_^ ^1 UjliJ Jf iiis 

. E j 

i| F j>« iaU^li o^riirJI ^ c U < f JiJ- laijJs E ulT lil 
>jM JVJ F J* E( index) JJ* ^Ju, Li* F J» F 

* { E : F } 
(A) 

2^ F cjM E 0* J" ^ F J* J*» Eg F UJ 

♦ E ^fc <^>^ J*Ui' ^fc < tali p" 

{ E - F } = | G( E/F ) | 

: dUfcjJf 

J^tJ J] .jbJtf t:,tS f iljo (p : E F £*Ut Jflis Jf 

a:F~^F .jit* 

Jlts^. { <p ) E > a jyS* ui» F > Ji> E 'olT 1*1 

f 0t JL-rf F J* E J./U Ji^ jJ i J,l% . E J* J^ 

- HV - 



E J* Ji'a JSU fcli F F e a* tf*Ut JflU 

J t E : F } ^3 ^ ;>L- ^33 { E:F} = | G(E/F) | u 1 ^ 

G(E/F) 

: Uy*Jl Q Jc Jj^AJ Ji- j* Q(|/~,|/~) 6* 

{ x 2 — 2 , X 2 — 3 } 

0.(1/" ,l/"3) Jc. Ui'i o^li^jl ^ *;f (v) JIM j aij 
{Q(l/a,|/3):0)-l G( Q.(|/a, j/" )/ a) 1 = 4 

E otfL-JI Jf E = 0( l/"S , t/" , |/" ) c& 

I j)Lfc — . ~S~\ S iJle Us Ac jf j* i j LC Q fjjo 

. G ( EV Q ) 

Finite fidde 4*^X1 J^ibUI "\ — V- Y 

(Vo) itLAjj* 

♦ q" 5*E jcMt .Mt F 

: cuajJi 

JO < F JUI J« E ^"Ai *^ S-{a„a a„ } 

: ju»-_, J5CjL CjU^=. ^JCs E <>* j-J 

- ru - 



|& =t>i <Xl+ l>* a* + .-. + b n an > MF 
. p" 3» E ^oUt joe £~swne\ : J>^»AJVdp e j*** t^u» EJVK) 

: o\-jt>jJ\ 

< Z p t — jsiJ Jf Li. JiU 5J <r ^ E ^- Ji^ JT ^ 

wJjill JpTja'x p'jp'.^i p l>> <> :r :^ jdk- L^KiilTli! 

• tfiJi ^J' n =[ L : K ] vl-* rn =s . r | s ul» KcL 
Vj^ 1 ttf *W ^J"*" ¥* c t* «^"" J E • E*-E— {o}. a 5 ^ 1 

- n\ - 



(H) uuytf 

nthroot of unity a»1^U ^ jj> ol ae E J_,i', 
^J 1 jJ> 4 — ^ J>j . a n = i li] 

<i* a m ^l j a°= 1 primitive nth root of unity 

. < m < n 

Li>» jjai-i It^it S={ a eF:a = i} • U F 6 <J 

• l r^J (F,. ) o* *sj S <jl c-li . -u-l_,U 

(W) 

vJGfii* cf*,.)o» v e i> • G ^ f ,>ir w 

: ^ 

G * X Z m? X XZ B[ ^ m. | m !+1 

j>C*T m. t>» Sj'js i-'^ » j*j i^t J* z m . J| b jk; Ui 

^ ) a»-=l J-bijj a™—! ol» aeZ B . d <3 ^ *| J 

. ( ml m 

i r 

- rv. - 



' | G| = nm. u& • x" 1 _i 

'—1 

6U JUlj r = l Ti] . F J TyL* jtf^l Jp dU* x » r _ t ^ 

.. Sjija G 

♦ 5J>> ( F*, . ) $1$ L$w> ^ F ^If UJ 

(U> **** 

♦ F JSsfcfl m** E F Jibd L^L, ? ju^, EfctfUl 

. E-F(a) <^ ^Ijll 6* ul»(E*,.) i^Jl ; r jJ TjJ^- a 6 <J 

(10 Jtf* 

J»Zn i Jj< ^ >W 2 Jtll-/< villi Jfc* ) £ 

. ( sjric 

Gaiois field hf order p n GF (p°)1jJUJ*> V — V— T 

(nn) 



iij^ Jij^l J — *>■ Kef p •><• F ulT 'ii 

F x -x 

: ildlj K[x] J f(x) <y J*kx-a 

I£L = g(x) - x < p" )".- + ax ( P ° M + ... + a ( p' )- x + a ( P " )-2 

g(a )^ a (p°>- 2 +Ql ( P B H + ... + a (p n )- 

= (P n -D a ( pD )_2 

: ol rfi f(x) io^uj a ^1 

ot — — - — ol — 1 — o 

a 



g ( a ) - ( p" - l ) — 
a 



i d b P" -1 = -1 tfl p. l = o p F > ^5=0 



g ( a ) = -- 



- W - 



KcF j^fcll Ji^ j T>l£- TjL» p - dJUf x (p")_ x 

. F J* x (p°)_ 2 

(It) UUJ« 

• GF( p" ) a) >^ p n *J jll & 1jU J5> 

♦ GF (p B ) a>^p ^ jocJT.jn ^ujbjjte J" J>l$» 

: oLj*jJ1 

^ k} . K j f(x) jLl*t K Cf* Vir F 

• a,|5eF 

(ap) (t>n) =a (pD) p (p,,) - a0 
1 jO . Vj^'j C-^*" J t*^"' C* ***** F ^ ^"^ 

) a 

Z p JI.J sJur >-J K J Uj . Z p rf^f K u* ,y> J** F U| 
T>^ Tji- p" rfjrf f(x> J U., . K- F ui» f(x) jtiJ tfy* 



w> ^ 

. n OU Ffx] ^ 
K £ f ju ^ 4ju ( F > p ^.») Tj*. p' ^ F 6^ li| 

F(x) = x _ x 
(P f ) 

. g (x) « x - x iij^ jk* F & £ o\ 

(aeF ) « (pr) - a P*- pV"" 11 ^ 
a (P"). a (P^). a (p— ), a( p')_ a |., 

J*-. JL if p $ [KrFJ.n £,\ ^ UJO . FcK ^Itflj 
• dc^(j5,F ) - n ul» bj K=rF (p) ^.rf p e K ^JWlij F JM 

Separable extension ^Uuttf «b A-T- T 

00 

4__;t a JyC . f ( a) = o ^ aeF* f(x) 6 F[x] ^Crf 

j*T! n olT 1*] f(x) iajJJI o ( zero of multppcity ) >-» 
<>-« J> • F>] J f(x) J.|^ ^ j,U (x-a)* ^ ^ aa. 

^IT ti! f( x) ii^a*! ( sinplezero ) -k-j *! a 



: <jI*j: Oj^ JX- 
<*♦) 

F j f(x) jlLtff JT la F fx} J ^j(j> 4i*jJ» f ( x ) oJU" ttl 
J^>V "F [x] ii Oj* F [x] j «i> ^ 40 >*> f (x) cJV tt) 

i 

♦ jti^Vt 4j> jjuu n jaeF j "p ^AifcxH f(x) ^Ut^i^ft a. 

J* separable 4JLaii1 Lft n i.-jjj! <y f (x)eF[xJ iaj^- J j£> 
•fUEY U| >T ju.^ jT < F <j latic | J( L, n dU5 ^J|T lij F 

rfaUf JTIU ».uu£ ^ <p : F(«) F (£) J^ii -w ^ F JM 
F ili-i £»L».Vl JTLUI IJU_, j|,(a) = p ^ ^:F( a )^.T 

. T 

• irr( a ,F ) j ;>&l jtuVl iJkc rfjL- { F(a).:F } <jli JtlL, 
♦ [E:FJ ^ {£:F} oj4 F JfadU^fcjiM F c*1S* U] 
E a* ai , ... , a. ^y. F JiJI *z* ajut E \ 



. ( r ) E- F( a , , ..j , a. ) 

• k. If* Jf is-** 5 bt* n. oU irr ( ai , F( a , ,.. , a ( -, ) ) 6^ 

: it) I. j 

[ F ( a, »aj , ,a, ): F(»i, a, ) ... ,d,_, ) ] = n. k. 

={F(a a , ..' , a,) :F(dd . ... ,a,_,)} . k, 
{ E: F} = nn. > ( (r) ^ ) [FrFJ-nnA d\ { 

i i 

. [ E : F ] j^Jt.' { F: F } £,li Jt% 

: <u) ^ 

[ E : F ] $> { E : F] 13 F JjbJ t &# ?;« F £lf UJ < 1 
IE: F]$>| G(E/F)| 

VJ «i e- (A) ^ ^» ^jAI > T**l 

0*1) 

{E: F}-[ E:F] 
UUiil TaJ^ F(a) tjIT 'ij F J 6 yH-xflAil *JL aef ,^Ie Jyjj 

• F Ji*» 

_ tvn - 



Jtttj b} F Jjbd) ^ILdtf jom F JasJi Tm+T.U Imm E OUT lit 

: 6«* uj 

[ E: FjH G (E/F) | 

n ^ ( n) ( a ) c>* 

irr ( a ,F) iijji-l J J>U^I jUVJl tfjL., {F(a):F} 

: o|» i^j [F( a ) :F] = nk 6[» k iaJ-S'i a ^Jf 

{F( a ).F}^[F(a):F] 

iaa_«; oii irr(a.F) jli-*' £<J . k - i uiT >i' 

: JJUJI Jjj^Jt ^l^Ai^l *Juj»j ^jfZt til . 

OV) 

irr(a.F) jLlJ JT itf Y>\ F > J,Uiil <i1 a eF ^ ^ J^ii 
f(x)eF[x] iljj^ jjfc iajAs- ui» • -"^j" t$A-3 0* 

(TV) Al*^- 

(F^EcK)F JjbJlU^TM^E O^jE J&dl L*£L* bj**K & UJ 

. F Jjbdl UUuut bo** E ^ E 

(K=F]=[K:E][E:F] U,jJ 
{ K.F}={K:E}{E:F} 

- YW - 



: F Ji-» ULttil Lj^'k ^if ^1 (t 

[K : F J - { K : F } 
[ K : E J r t { K : E } j [ E : F ] r -ii { E F } b\ f 
fK:E]-{K:E} j (E: F|-[E : F } Til 
[ E : F ] « { E F } j[K : EJ-{K : E > ulTlii (T 
[ K : E ] [ E :F ] = { K : E} { £ : F } «>U 
IK:F]={K:F) Til 

. F JbtJUafcl aeE j^JT^Uj 

: aeE C% j F JS..I LlUC! laJU- E itf y *\ ( * 
F S F(a) s E 

• F J* Jl^ij! a jdLj F Ji»J JUiil ^ F(a) b& J^j 

.FjM JUi^a.wE u^»jCi»F TJUiil a eE of '^i (f 

^ E a, , a», a„ u*i - F Jl*fl E oj 

: 6 $0 E-F( a »,...,a.) 

F c F ( a, ) s F ( at , a , ) c ... ^ F ( ttl , a , , .. , ao ) 



q(x) = irr ( ot 5 , F ( cti , . . , oti-i ) ) 
: ^>)> hij^M -L-j jL* a . oi* irr(a ls F) pJJ 

• F ( ... , ai_, ) JS*« ^l-iil *»f F( ai , ... ,a s ) 

f jm e U] 

OV) 

.FJ^^ILa^tM^i3»f(x)eF(x] ^JUaiJI^^ttJE &juS\ J*> 6] 

: «>l-ftyJ1 

^ JU^, jliJ v »j ) F J f(x) jU>1 JT a ,,.. ,a. ^\ 
Jfj F JS*8 ax- > E-F( ai ,...,a. ) ( f(x) 

• F JUl JUiil aju-. E Jbl fi F > ^iUiil .jm\-± & r** 

(V) otjw 

^ wjU f(x) eF[x] SJUfci iajxU J :j i3 Jfc. £ olf 1*1 
: 6[i . bk F il jo E > tWa [ E : F ] 

I G(E/F) |-[E : F] 

<1A> ub>f 

G(E/F) f(x) iajjuj J. Ji^ E & j f(x) e F[xJ laj 

. F J* f(x) %>>Jtttf Ij^VO jtS> 

. C - r ( i ) j» f(x) -x' + i =r[ x } ^JLiiVt Ji* o\ 

il>J R il C u* ^ £>LW» 0*iU Ju-ji Tit . [ C : r ] -2 6i 



: \Sj Lfc R 

a C C ,a+ib— *-a + fb (a,b=R) 
<f> :C— * C ; a -fbi — a— b t 

: v * R J* x 2 +1 «,a,Jk*4l Ijjii Jl:H,j 
G ( G / r ) - { a , <p } 
. x 2 + i = o iliUi) { i , — t } «>jii-l Job" ; jaj Jjis • j 

Ot) JtU 

: ^ 0. J f *00 - x J -2 iojJ— *l JUCNI J,>:!l Ji^ oi 

0. ( Va , w ) 

[Q.( V",w ):QJ = 6 

. x 3 - 2 -C ibUil { V" , to VI , aj 2 3 |/2 } jjj^t JiaLS ■ j-j 

: (A) 

J _>•*»- f Q. J* x 3 - 2 4>:>j.A«4 ljJlc ; j- j j-oue w-lD 

(TT> **** 

j-aic Jf «>l* ♦ F Jbn 4>joH AJLoAjl ^>i> f(x) eFJxjcJini] 

♦ f(x) jU^»! jjijU Jf JIG ( E/F ) ^ JjW j>g 41 US' f(x) 

- U- - 



^ ) F i ;>U;[! f(x) jU J ^ ^...^ ^ ,-| 
^ ^ j-^ JTj! U E-F(a,,...,a B ) 0>i { SJUCl f 
9 6G(E/F) onSLi f(« f )-o £,1 Lej tb* F G ( E /F ) 

: *U 

° - ? ( f ( a. ) ) = f ( <p ( a . ) ) 

E J'cF^^'. f(x) iajJUJI ju> ^ Ul ?(aj ) 6li itllj 
: 6^ «>>^ . S>t- J>d , j^fell jli^^l ^ ^ Ti| 

Q » / a i a « »» a. , 

<P(*i) <p(a,) <p(a 3 ) <p(a B ) ' 

: U. U S D {a,,..., a. } J* Q JlyJI Jf fcyc bJU-T li] 

(j,G(E/F)-^S 5 <p — 6 

• ( ^ <y j« ) S [i 

OA) ibui 

oli * n X_ rj JI oli F Jp f (x) iJUijyi i^oa l^li ^ 

. n ! (S jLJ j] Jil U j, 



(U) ju* 

E-Q.(V7 S «) Q. J* x«- 7 JUUVI jjji^l Ji^ J 

I G ( E/Q. ) j = « uji i^b [ E : Q ] « 8 ob 
- V7 , < V*7 , — i V™} y* x 4 - 7= ibUt! jjJu. Ic tf3 

■ | S 4 J- 24 { V" 

oljib i^j JJU Ifl j G ( E /F ) ^*Up J^U 

<t<> ^a^* 

^Vl 4 jLJXI pJSSi & U1 Jutt; UJ itJLatf f (x) eF [x] iujjaadl $J 
F [ X J iiSbJI^ Ji>1j»£jl~£^ j f(x) 

. f(x) Oj-taJI Ji^Ull Jfc E jl u^jii 

: 0i» f(x) ^ V>\ (t 

f fx) - a ( x — a t ) { x — a, ) ( x — a. ) 
iljlLil ^UH ^ r J*jci . f(x) jliJ ^ aif ^ 

* F[x] iill-l j J^ljll tfjUV -gj- Jf(x) 4*JjJbJ jjfcty 
: tft ^jji-t j ( x - a. ) £*L* J-lc 

f'(x)-( x -a,)h(x) ^ f(x)=(x- ai )g(x) 

f'(x) - g(x) + (x — ajg'oo ^ 

«(x)=(x-a I )[h W - g '( x )] til 
— JAY — 



,jiib f( x ) lajiaJJ tl*-— j Tji> a 4 g( a. )-o 

£ij>X*i f ( X ) iajJL^B b J^> -Aa-j-i IJuaiii jji f (x) {* 

. m > 1 

f(x) - (x- b)» g(x) b \ £ 

f'(x) - (x-b)» -i [ m . g (x) + ( x - b) g' (x) ] Jbl j 
^i^lJUj J^ljJIcje^it f'( x ) jf(x) jy^jJbJl f -ti (x— b)--« Til' 

. iJU&l f(x) til 
> a x-a ^ (}• 1« f'(x) J f(x)eF[x] i-^-H «tf 

• f (x) hi jJwill iau~i Jf- 
(t«) 

♦ iOUuilyftF Jt4jjj> (x) *j$4»Jj3o •j-**^ F 

• 0*— »^ 

6^ 

f(x) = a + a, x + ... + a B x° , (»i eFja.^O) 

f'CD = a! + 2 a, x + ... + n a t _ t x*- 1 
— JUEV ^ 4)j> jr« f(x) ub . n-1 V-^' f'(x) Oi 



. ( ^dl Vi ) f'( X ) t - >U tfl dJUTs! yltlLj . J.U 

. UUul f(x) JiUI 1> 

. * • 

p.1-0 ^ P (x)=px"-i O/Z* F Jii-I Jp f(x)-x»» - a 

. iJLaiil jri X $C ^ f (x) = 

a-b p c>U F j f(x) iajjJI Tji-» b jl 

(x — b )p ™ xp — a 

f(x) Pt^O iju- F JJ^ J* f(x) -g ( x" ) cJlT l»J SijS' 

: F Jt 5JUi;l l>i 

f (x)- px^V ( x p ) 

J..-.U U . (p.1-0 ) X j>6=»3 lef f'(x)-0 JtlLj 

. ik-., f( X ) 

Normal extension JUJaiW \ — V — Y 

<\) ^ 

JfedJUlft bJkM ^ju E uli < e Jii-i a* V> F & !i i 

: J,L Jii iil F J» ^-^U E t^U^-l j\ F 

^ G ( K/F ) <>• <p Ji-I* JS12 J^jji aeK - F j-U <X (>- 

. (p (a)#a 



. G(K/F) jA* jJ XL-lj, i)^ aeK-F ^ $ 

(it) juu 

Q,( V" ,i/7 ) «iA)iT . q jui Utb f aJU , q ( 3 V 2) ui 

3IIJI tfj* G(Q(V2)/Q) C/* < Q.JWI t -Jife TaJL- 

: jdljJI J,ii tf^rf G(Q,( V2\K~)/Q) . illUI 

A = { aeE : <peG (E/F ) J^s*) <p ( a ) = a } 

i-u* E ^Jj FcAcE E o« </}r j^Aci' 

. A- F ulT I*' -Irfij'il F Jia 
. .JlUl C/j*f cfajM ilJ^j 6l*jc uj-*' "M iu>dl JJLU, 

: aJUI ^jill L)L-iF JhS bo*,E ^tf UJ 

. f(x)£:Ffx] AJUtii\ AojjadF J5> ^» £ (T 

ilW j Ffx] J ^ q (x) JTj i V Jjbd) yJUuul ^» E ( 

. E j Jj ^iar E j Jud u>i j f 

[ E:F j = | E : F } ( ^ 

(tV> *J>^ 

I^L^iFJiaJlUa^ E ,/JjF JibJ U^Il* U*iiU uj^. K 



*j*j<J» G(K/E) -J E Jfl9dl4SiA^iiU^*MK C^j . FcEctCcp 
E J,? ^31 K iU>Un O^Ut £$9u~ G ( K/F ) 

♦ tdl 

JfL£31 ^ £*p G (K/F) ^ x <: ufcJ»fc& ^ 6' J} 

.G(K/F) ^G(K/E) ^JmJI 

: out** 

tf { fi (x) : i€l } " F J* j» jfi Jla- K <jK W 

. ( FcE <jV ) oV*,jJ-1 

EJE J» JUiil K Jl% ( ti ) F > K bl 

. ( tt ) f J* ^Uiil 

E ilJL, K J* JIiS j» G ( K/E ) a* j-* JT o* ^1 if 0' 
LSj* icy? G ( K/E) tft fc»G ( E j tfj^-U ) F ili; t»fe 
OULkJI XJUJ UilL Sj-j W JO . G(K/F) if 

. G ( K/F ) Sj-jH cf V> G (K/E) Jtflj 

4/ — M iiiljll hj*»>l\ (J Ju J [Asjm.j <j, teG(K/F) u' 

jl T ~'cr6G(K/E) oJIT < li» JaSj tit < C(K/E) UjU ; j*J* 

. a = xjx ^ eG(K/E) iii Jaiij Ti» >1 ^ 

: oi» aeE ^ u^'j 
<j(a) = t {*. (a) - x ( I* (a)) - t ( a ) 

. ( j/igG (K/E ) , «eE\ ) 



t^<r(ac)-a i>\r> a^E J^ 1 « (a> - t(a) a^JI J* 

: liC»j x -i<sgG<K/E) J rfl klS E T -»<j JWlj 

J G ( K/E) i-Jjtl J^jfl ijLJI XliJjll it^t ^l! jUsu T j ff 

Q G(K/F) 5j-j>l 

i'E a* i»U.Yt o^TlUlj G(K/F ) i G ( K/E ) iJ^Ul • r jll 
Zi»l JL» olt^i jl ; J yj» *f Jfc-V . bu F ilJiS ^Jlj F 

Ji i i F J* E <>• o%*LlJI L*yf J*l»J J^rill i^LJI 

Ulfc Taju* E OlT 'i» £Ub 0*3, . F JjjC Jl^ E d^C/* 

cotsu yt jkii ^ 3ouV> ul-ji ui» f 

V> W G (K/E) lil Jalij W ^Jutf . F J« E ^ 

. G( K/F ) u* 

ijLJ iiil jll oL* F Jii- Ljiii t>ju* E i£ \>\ «#*t <$\ 

\$ Je t c JI Ja$ G ( K/F) i G ( K/E) i-JjUia-Ijtl ; r j| 

catfu: 5 r j v » jll G(K/F)/G(K/E ) i*_iJi ^J^ i r j J ^Ue 

. til F fljfc, E J* 

Galois theory 1jM£ 4>J* U - t— T 
« ^L^VI IjJU 41*^* )) (TA> 

e ^j^ijjfeinjr&j*** a, f jwt^t*iajuji*i k 

H ^SjaJl^jll JTilej^^. (F cEcK^f) F Je^JbMjK 

I ^ < G(K/F) ,y> 

K H ■* { aeK : <p( a ) = a j v <j> £ H } 
- UY - 



* : el & } E-*G ( K/E) 
^ : ift el i H Kh 



E «- K 

— G (K /F!) 



G(K/E) s 



: ii' (15) a*j 



Til 

E " K 0,K,E> 

: ol» CUE (^JCj ^ 
fa (E) = p(G(K/E ))-K G(K/E) =E 



( 4*UJ1 A^jJW jliil ) E = K G(K/E) ( T 

( &AjJ.\ Jz>\) H-G(K/Kn) (y 

— TAA — 



( \o Zx^ JZ\ ) IK:E ] - | G ( K/ F ) | (3. 

» yjM 4ifll jll oU^I jj* ^«[F : F ] = { G(K/ F ) : G (K/E) } ( 
( TV H >J1 ) .G (K/F ) Syjll ^ G(K/E) 4Jj*11 

(TV ^j** 

tSj-auK cfUfryfoE JibJ UW) Ua^K ^tfUJ 

cJirUlJaSfljUJ F JjbdJ ^ E ( FcEcK ^ ) F 

E U) 4»1 J] uuif G (K/F ) ^iUhMiJ^ ijAj G(K/E) 

: oj-a F JjbJJ Ui»U Uj** 

G(K/F)/G(K/E ) JiW G(E/F) 

. F Jul i 1 -*** 1 SJU ' Ki'^ (VI) (\ 

. F JU0 jUiil aXm E <jf Jrf (tt) *-*J*M 6* j 

j^i; ji* o/Cj f>„ F J* UtC e ^,<i 

. ( n ) F 

£ LlU f iljb_ f J! e a* JTUS JT uT ^ luCI 
i^b . ( F Jul ^ts *ju* K ) K J* <^-b JIU Jl 
isU^l o^Tll:JI JT fe>»?^»G (K/F) LU-'jM ottyi fcy? aU 
J*- E ( u ) *^J^ ! -r~* j • kti F iljS J« F Jl E ^ 
: J»U Jii lit Jali^ lijF J* ^ E Jtllj ,'p J» Ji/f 

. (j (a)eE <jl^ aeE £<J ff eG(K/F) ^ 

. E " K G,K/E) ( T • ) 0* 
: J.L Jirf HI id* j HI (j (a)eE 



t (ff(a)) (a) T eG(K/E) j^J lef 

aeE ^3 lo r -* <j - i T ff ( a ) — a ^IjIT 'i] Jm» j 'ij J2£ 

. T eG(K/E) ff eG(K/Fj j<J 

<t 't<5 ui» VteG(K/E) j v(J£G(K/F) of j»i 'a-. j 
s~'T<jeG{K/E) : Eaa j-a-e Jf ijju 

^ i-*tb X-.Ij^i^j G(K/E) ^Jfi' lit JaJij Ul ji* J, ^1)1 Ij^j 

. G (K/F ) 

. F J*J| yiib a J.- E O^'j ( Y 

E J* J- 1 * J'ti v E > <y j^U <j e O a (jeG(K./F) ^ 
: idt j bb* F ( F E ) 

a E eG(E/F ) 

cp:G(K/F ) »■ G ( E/F ) J <y — » <y E 

U — * ujji'^.j x E eG(E/F ) ^5 ^ * il'o <p <jl 

t><Jj K J* Ji-'i Jili Jl tU F ilju rfJJI E J* ^'JJ! JIL-Ill 

. T eG(K/F ) 

ker<p = G(K/E) v * <p 3»UI ;ly ^ ^^d*-f 
G(K/F)/G(K/E) Jili G(E/F; ol» 

Cli < j-ai* p' F Jibd < ( n 4>>J1 ^ ) Uflu i*J±* K WJ 

: Uoly. n ^jjM ^ Sj1^ iyjG (K/F) 

- n. - 



JiJ iJ J 1 * ->r* 4 P r " Vj 11 Cj* J*~ K ul» [K: F] = n Cj k 
K uLi Jdl, ( n i>ju ) F f(x) = x (prn) -x 
• 1 ri j U ^»>H jliil ) F JM 

a : K K j a-^a {pl) 

. ( ? lilt ) til F iU K > 

aHb) = [b (pr) T = b ( P lr) : & bsK 6 <:J 

6 5C; ^ dUi, x = n b (P* r ) = b c urf X «-l >-t 

. b e K 

|G (K/F) | . [ K ' F] = n 

d UJ^ 5^1 ja ; r j G ( K/F ) ^iii 

[ K : F ] « 12 6i» K - GF ( p» ) c>lfj F = Z 6^ W 

p * 

: Mj* ij'ja Jj-j G ( K/F ) 6 ji Jtflj 
a : K K 5 a — * a p 



Cyclotomic extension jljjtft o>o«jJl y\ — y _ f 

iy-.ii j^i yL. i^^ij j^ji ^^ji j 
V-Jif ^r, situ ^i; Sjiui j giu:-, . u j^ijii ^ ^ sul 

iA_J (p ( n ) ^j_^5C La:c Jj\ a})* <p ; : — *-N iltoJI ^.J 

• n ^- ,T ✓ ^'-> n u c J 11 i-JJI aUty 

0©) Jtt* 

...,«p(3)-4 , y(4)»2 , <p(3)=2 , <p (2) «= 1 , <p(i)„l 

<t> 

G (n) l«J Z„ , . ) • J *^a^^4Jj>5 J *JJCjS?ii 

: cLj^ji 

(xy,n)-l itflfj (y Jn ) - l .J ( x , n ) = l <jl» x,y eG(n) ^, 

. xyeG(n) <jt tfl 

■ » eG (n) oti Jt)|f J ( l,n ) = l o\ 
a x + pn = 1 ^Jt a,p=Z Ji*-^ *JU ( x,n ) - 1 olT 1*1 
(ax+ pn ) modn » 1 mod n il^lj 
(a modn ) ( x modn ) = i ' 

( |3 n ) modn = o ^i/i 

- UT - 



• G (n) j *) xeG (n) j5C \^ «;f j„_ 

(YD 

9 ( n ) - I G (n) j £j ( \ 
( mod " ) < a - n ) = 1 £>tf" UJ ( Y 
(p (p) = p - 1 £13 L«Jjf n = p t>«" ( t 
a p-"= l ( mod p ) <>LJ a ffM juJ Ujf ijj* p ^UJ (* 

(Y) 

<P ( P r )-P r_1 (p-1) 

i^lll J.* jil ^ p - ^ iJ.f ^ ^ Z(pr) ^ ., 

: </* 

P>2p 3p, , p r_1 p-p r 

/ r \ r r— 1 r-1 
<p \ P ; = p — p - p ( p _D 

«) «»y 

T(n)-y( a )«p(p) 
. ) Wj-jJI ^i-J j-UI .141 Jii« ( z. , . ) ^ ol 



: a ■ Jll ( Z (i , . ) j 

f . Z D — *- x j a — >• ( amoda , a mod p ) 

: a = b •!•->■ L i I* 

a (mod a) b ( mod a ) j u ( mod p ) == b ( mod p j 

: J, L Jii f dl'jT 
; <jl, f (a) == f (b) (\ 

a — b ss o mod a <= a { mod a ) =s b ( mod a ) 
u — b == o mod p <^ a ( mod p ) s= b ( mod p ) 

a — b == o ( mod n ) iS^ a-b = o{mod<xp) 

. SJUli a = b J-l^j a , b <n JO 

f ( ab ) .= [ ab ( mod a ) , ab ( mod p ) | ^ 
= [ a (mod a ) b ( moda ) , a ( mod p ) b ( mod p ) ] 
= [ a ( moda ) t a ( mod ) ][ b (mod (5 ) , b ( mod p ) ] 
= f(a)f(b) 

( z ..- ) ^r? 1 <^ J A 11 d n < ( z„ ) ij-jJ) ^ fi] 

♦ ( y />' ' • ) J 

Z a ia ^1 iUSd G( a ) O 1 Ifj 



Z n J iT£- i-'j^l sU^I G(n) 

. G(p) , G( a ) Ji^'C(n) Sj-jH uji 

I G (n)l =• |r. (a)XG(p) | 

<p (n) = <p (a) <p ((J) ^1 

(TV) 

n = "j "* " 3 " r cJlf ttl ( } 

: ( / # j ) UjLJ^ ( n. . n. ) = 1 
<p (n) = <p ( n, ) <p ( n 2 ) f ( n ) 

" - Pi ?t P* 

a> (n) - p t r,_1 p/ 8 " 1 pif* -1 ( p, - l ) ( Pk - i ) 

(YD ULyu 

jljjn^lwJI^^ F Jii-I > ( x- - i ) jytfl Jfc. i 

• F J* 8 ^ n' 1 ' Cyclotomic extension 
<f(x) io-uJ! jk* a 6^c>jiJj < f(x)«(x'-i/)eF[x] 
g(aHn.l)(l/a)#o o 1 - : *> g (x) = ( x° - i )/( x - a ) j«^Jj 



. ( n ) f J^y ^fcb jdi^ 

f^UuTji^ n dls f(x) ul . F J* f(x) =x n — l iojJ-l J ; i3 Jt> 
Ll^ ) n IJji 1 ^ s^j j£LiJ jU-»Vl < K. J 

' ( f' 3 ^ <p 00 ) Uja ]j^t. (p (n) cfJJLE v *j ( F Jii-I <j 

j> L ,«> jtw ) ij^i ?j/n jjiu xf\% ^ o'j^ii ..a.,, 

• ( * <>/> 

<r(n) 

<|> (x) = _n(x — ai ) 

AjjS\ 4?j>»9j! ^jj < F ^ ij^i Ujiii jjjtU v » af 

. n th cyclotomic polynomial . F *$}J& 
J3 &\ &u JjL;o f w.£ G(K/F) IjHl 5 r j o* K J* J»U Jf <j ! U 

. F(x) £ G( K/F) a* 
^ K meQ[x) b\* F - Q, ulT ^ ij.,^ . 4> (x) e F [x] o 1 ^ 

a*", F-Q,Uju«i U5C»j . (x a ~l) iajjUl ^-U <J> B (x > ^J t3 

. <J> „ (» eZ [x] 

^ a**5 <h (x) • Q. J 81 hj°- if- 4>p(» <jt i-jj J J : - 



2?C 2 it 

( cos — + i sin — )° a cos 2 1C + * sin 2 n =1 
n n 



2lt , . 2« 
a st cos — + i sin — 
n n 



: y c 1*1** aU^I Jfe- j 0*1 J^l ^Wl jjyui 

27C , . 21C 1 + i 

a -cos T + i8 m T = 

: o' t$\ a 7 >a 5 ja s J« ^ • fc-M *JjVl jj-U-' ^ J ^ 
$> 8 <x) - (x - a)(x - a 3)( X _ a 5)( x— a 7 ) 

<J» 8 (x) ■» x« + l 

• a 4 - - 1 j a 8 - 1 6^ £» 

W) aj» 

. n -1,2,3,4.5,6 jJ 6* Q. J* <J)„ 00 ^ 



a = cos h i un — 

11 n 

J J 1 j>» >r u ! l£\ i^M t^r a* ^ n 4J jll & 

j*m (1 <C m < n ) a m iS^> . iy*')\ »-U jJ.,- ^» a^ljj 

• Q (x"-D Ji/J J*o j* Q(a) ^1 . n £ L-i Jjl 

G( K/Q) <y tni Jib JJiS-a^jj *U Q J, D UiUU a - 

• a m J* a 

a r ^ ) a ' J t a ^ G(K/QJ d* J^U J^Sfi Tr 6 CJ 

T m xr ( a ) = t„ (a 1 ) = (a r } m - a™ 
) G (n) LoU JS'tU G(K/Q) IjJlc iyj $ ^ 'VJUj- 

JJW < f>L* <j> (n) OUS Q JSsdl jMI yipJ od^Jl ljltf » 

♦ G (ri) S yjl! 

: Q, J* { x»- 1 ) 

<J> 8 (x) - x«+l 
_ T\A _ 



(Yf) 

•JS* <#*<ij$n < Q, JSsdJ ^>»J1 jj*U t^lU » y»J C)\ 

. n— 1 <Jj*Qtt 

J* 1 — < y»j ( n ^ ) ^ (n) -n — l yJ^Lj < J J 

. n-1 J- : Jj 11 5 j'j 5 u*J < ( Z*,. ) ^3" V* ^ G ( n ) 

Constrtictlble polygons 

iii j*u, »i| •j&i 6^? ^ <i^' c^ 11 J w» u 1 j- 

: £>1 J»jd cfi ] j . »'-^ >l» Taj* cos ^ 

a = C os — *+* i sin — - 
n n 

l 27C . . 2-n; 

— *» cos i sin — 

a n n 

; 4.m ^t.li ^ 

1 „ 2lC 

a + — = 2 cos — 
a n 

_ U\ - 



[K:Q]=cp(n) 
: Ui«j ff {«) - a ^ <j e G (K/Q.) ul f 

a ( a + — =a r + — -2cos — 
a a r n 

2lCr 21C 

.r-n-1 Ljut JaSi cos— -cos— JtlLj 1 < r < n ^CI j 

i-Ji J t,a+ "^' u'j^. ajJI G(K/Q.) a* Crj^f^ CjJSUI <j1 dfi 
Ou, . a""^^- Jfta ^ <fHI t J^'j Ji^l JIUI : 1/ 

u- ty* Q.(a+^)^>:^ 1 G(K/Q.) & ^ ^ 

1 (p (n) 

[Q(a+-£):QJ - 

^Jl^dlj ) Jtii j^JI ^JLiLI .Lli] j^Cc til 

U — »j (p (n) = 2 k keN J*-j 'i* <$1 * 2 o-Ul) ( cp (n) 

. n - 2' Ujuc J2* 

n - 2' Pl Pi 

: oi» 



<p(n) -2* 1 Pl rr ' *(p -1) ( Pl -t) 

( j =1,2, , / ) i- = l 

n = 2* Pip, p ; J^-ll <>• n 

• Jj^ aoc Pj >" p j = 2 ro J+ 1 : a.,C o'j 
c^i^i q J^ : >- m, = uq cJ6 li' Ji L» 0* «— 4 1^*3 



Pj - ( 2 U ) + 1 

of b^Tij; lil ( 2 U +i i — sll jjl 4jV J^i j*c ol 
(S>j iwJil m. JJb'V c#*^. Vj 1 P . J>- Til 

j =1,2 i ^ = 2^ >+l 

. Fermat P hme « Ujd yljf )) Jilt ^ J,^Vl jaJI U*j 

a 50 • X 3 .eN« 6 <J flijVl .a* <j 1 ^! a.i Ly |f i] 

; ISjH\ sU^I ^ 0,1,2,3,4 = ^. jJ ^ <jl j»» Euler 
3 , 5 , 17 , 257 , 65537 

- r.i - 



,/ n j 4>3jiJt p. aJj^i J-*'^*" ^JiJ'j . L-ju* 

OA) Jii- 

n = 2(3)* »^^ J Jil» n-18 ^ f ^-H ^ULI «iilaT 
: iJlill Z;»jdl l r ^i.J5 iiUI ilidl o\ 

(to ^jc* 

JJLSM cJlf JaSSj U| U-ol* *U&« ^« ^1 gLoM &jk 

n *=■ 2 s p t . p 2 p. n = 2' 

♦ UjS OUjf Aftj*** JI ( j - 1 , 2 , ... , i ) P, 

0\) jtu 

n = 2* (3) (5) : 0^ V X * »t-^J n « 60 £*f ^UM 

. Uji 0*JjV .<>• 5J3 ^Tj 

. 100 n ^ 3 ic^' »^ oULiil ije 

Extension fay radicals jjJbJU Jb JUXlf 1f — f — T 



(tr) uu^i- 

: ^-f n^o.^^N <*J» aj.aj, <x,eK 

t, a, 'eK j k - F( a , , ... , ou ) 

•{Ki^f}, a, -&F{«, ,.: , oci-i ) r 

by radicals » ^aJL Jad) <U>tf l f L f(x) eF [x] je-JjU. |^ 

La — ^ F ?^.f(x) .ioj^B K JjjiUt Ji* lj] F « Solvable 

^JCty. F, jjiU >U Ski* f(x) eF[x] lijjJrl 6 ] Jy; u;| ^| 
^LLJI <>«3jJ* a jt flail-l f( x ) i 3j a*B JT J^l £lsCVk 

<f*> J&« 

JjVl ^.ttl >U.I y, a ^ K « Q( a ) / QXx'-t) iijaoJI 

• ( l = a s e a) i 

: _>* U E 

t2-[VU 5 eQ(a) j i = a 5 eQ.J . E- Q,[V",a) 

(rr> 

JS>K . F a ^j<>*>*jsM'}Gb.F jy 

, *Soh*ble group » yorf'Wi S y»J K/F] 6U$F ^jb { x »_ a ) ApyvS 



\ jcJfcH jdlll Jill 

Vjto £*■ tf> <> -a-^U a tf^ ^jJ TjJU. tfj* F «>> 

: ju-IjM 

1 > (X » CC J » > 4°"' 

LfUj- (F*,.) a* Jj'j^ V> ; r i a', .a"- 1 } ^ 

. JJ^r LJ>JI jjjUUI 

jl l«t jLi (x = -a) eF<x) ioyUI ji^ |Je F L^y 

: ^ x°— a 

p, otp , a 2 p > , a"" 1 p 

G(K/F) a* K J* ff Jil* Jll_< tf! K-F ((5) ^ U- f 
: <y, T eG(K/F) 4>ji:l . <j(p) iiy.* a.« ? t»£ JUL 

x(p)- a'f i a(p) - a'p 

t«(p) - x(*'p) - oc'x (f) = ft'a'p 
<jx(p) = (Tta'p) - a»(J(p) - a j a'P 

. J*U &ti ^ XJLjJ G(K/F) J #t 
, j^IjD Ujl Ujl Tji r J/lF t>ji» (f 
- T.t - 



{i,a,a 2 , ,a n -'} 

(x°-a) iajJ^J) J*> p Ju-j^j- (F*,.) <y Sjlja ^> 

a=(ap)/p ui» ( x°-a ) *o>W) K u^i a(3->(5 ^ I* 

* K Jii-I Ji 

. FcEgK ,j^U E=F(a) <^ i>j^ 

. x n -l SojjJI Ji^ E F Ji*il s^' E ul 

Ui OjiJ. G(E/F) a* -rj J* 13 cP U ^i* E-F(a) o 1 k 

. 7j (a) 

: ^ G ( E/F ) <>* *rj o 1 

i 

^(oO-a' J Yj(a)=a i 

(a)= if) { aM- a !i 
{jnrj(a) = p. ( a J ) = a ji 
: JUtj . LLjlS G(E/F) Sj-jJIj 1**1 = 7)1*. J^J 
{i}<lG{K/E)^jG(K/F) 

G(K/F)/G(K/E) J5UE G(E/F) 
. JJI iLli l r j G(K/F) ul» ^ ^ 



(Xt) &J>j*A 

G( K /F) C)ti i <F JxsJ jjJbJL UliU iw** K J&dJ £tf" UJ 

♦ JadB aU5 » jaJ) 

: n j3 n s , n r eN * oc, , , ,a,eK ji*-^ <ll 

fi<i<r) a/*«F( a ,, ,oi-,) 9 a^eF 

■ Ki-i J* ( x ni -^ ai n < ) Jij^I Jfc* K, J K 0= F 6 <J 

.(iiUI ^.-^ ) ja aLISs^j G( K/K,_,) j K = K 6.U 

{ i } ^(K./K.-^^GCK,/ K f _,)<| <G ( K r /K„) =G( K/F) 

G{K/K,_i) JJU G(K r /K. /G{ K../K ) ^ 

: ^>>f hj£ w.-*-j t (r<\) ». 

• J*^ »>J u» G(K\F) 

Sjj^j c—J i^oll 4bU. £>l >i» j ju^U JTj 

**r <j f ^ tft • j-Jtf xlib i^t ^ uju jtui ciii 

JjjEllJU i— Itl UjJI ^ f(x) eF[x] iajju^ r 2 f U>. 

. S 6 i>U:M 5j.jll Jlli G (K/F) IjJfc J/j ill; F Jp U K 



Q.(yi) > y 2 eiR j Q. J* V 1 -^ — * ^ elR ^ 
. Q.(yi>y a »7i>yt) J* V 1 ^ ys e ir ^ 

: {S&j K-Q( y M ,y 6 ) ^ 

f(x) = fl(x-y,) 

: ( iJ!S\ a c >JI JJu ) f(x) ui • f(x) eK[x] ul-» 

Si - y 1 +y8+y 3 +y4+y 8 

s a = y 1 y 2 +y 1 y 8 +y 1 y4+yiy5+y 2 y»+yiy4+y«y5+y3y4+y3y5+y4y5 
s 5 - y^ysy^s 

JS^j* K £,\ <y f(x) G F[x] 6l» F=Q,( s lr -,s 5 ) ^sCJ 

& ' Q. J 6 Jjf^ J-i y f ^ ^ • *« ^ F ^ Jij^ 1 

<( {1,2,3,4,5} 4*j4» Ji»L3Sj*j ^ ij-jl'S, «> ) jeS, / 

ff ( yi ) = y«<i> J ( aG Q- ) ff ( a ) - a 

5 5 

n ( x - y^)) o-* JJ ( x — y s ) iaj-^l u< If 

ie{|,2,..,5} 46 ^ iDSj ff(Si)-S, c»S» 

. J e G(K/F) u li itltj F flil ff J tfi »J^»J 
: ok Jd^ | S 3 | = 5 ! u f ^ 
| G ( K/F) | > 5 ! 
- T.V w 



<S-,l*-l & f (x) j ( p f(x) j, 3jJbJ ) j jV K 

I G(K/F) |< 5! 

'■ O d\ •jj-i* ifzji U»_> 
| G ( K/F) j = 5! 

. G(K/F)J LU.IJI <^jyi JT ^ UjUl itj.lv Uj.ll ; Jtllj 

• s 5 j:u G ( K/F ) Til 

{i)cA s cS 8 
^-^j . iM_i jk G(K/F j Til • Qtf jr» A 5 j 
L - u-* 15 u^f • F J c Ji^-l; J-JI Jjli >i f(x) 6Li (n) 

(to) 

f(x) - n («-y.) 
♦ f(x) JUAlyfts, Aj* F-Q.(s 1)S2 ,..,s 5 ) Jbj^bJbJpdB^ ^ 

* * * 

- T.A - 



( r - 1 > c^.jU 

. F c^jLi F JWI E c?jte- 3-><r tfl 

: ^-Jj f JSJI TaJ* E (Y 
K= { a eE : F J* a } 

F E (>* ^> Ji*- K 6^ viJl 

F (a,{3) a* j-^* (X of K a* cr^^ a,p : JtSjl] 

. [ F J* Jj^ 
: 3JUII Jjil-I <y JT juj jl^jT (r 

• Q J* Q.(Va,i/3) j Q. (> Q (V3 ,(]/" ) 

• 0. J 6 Q, ( 1/3 } j Q, ^0.(1/2+^3) 

• Q( v/") > 0.(1^2,^) j Q.^ Q.(|/3 ,V~) 
Sjkilj jUjili ^ ^ .Hi) jrji ^ ( Lju. ) ^jf (n 

. Jaii 



. [40° .till *i\ : jtij] 

SjLilj jUjilt 36° 5jjlj!l --LfLU ufc-Vl ^ ( lju. ) ^Jl ( T (v 

. Jaii 

. .liatf 6^15 pkdi lP kUi J ££-1 (v 

tfjv^ be F(a) ^ JT ^ ^ - F Ji* Jp L-Ll. a olf lij (A 

• F J! ^ F 

Q, J" / 1 + )/ a (v Q J* 3+1/2 (T 

Q,(|/"2) J* VT+J72) ( •* Q,> ( - 

R i> K " + M j Q. > a + i ( » 

: *1 ( T ( w 

f(x) = X?-' + XP" J + ... + X + 1 

♦ [ f (x + 1) trjal : iU&jl ] 

. UJsO f(x) jU-ol 
'. p — i LjjLI ^ LLju* G(Q.(£)/Qj tjJli J^j $1 oyl ( >- 

. Q j» g( Q. ^ ^ J ( 3 



j-UL &&j Q J] ^ a = jr + £2 + _ + 6 J ^jj ; j 

♦ If(x) Ji:.t a <jl uLJIj (Q,( £))[*] i tfl-l^ J| f(x) 

. GF(9) J ^Ijfl < fc-LJI ijjll <y iJjVl jj.U-1 dJ6 j^T ( T (n 
• GF (19) ii J»-I^l 5^1* iL.dliJjli j>« iJjVl jjii-l iAc ji^l ( v 
^ (>-i . Z p ^Jji-I Jit I iS^i I^tp" ci L^:* ulf (tr 

.dcg( a ,Z p )=0 <jli (F*,.) JjljjJI TjJ^. ae F <jlf 

*^ie- jui Tj^j; p« l^i t^L. p ij] (tr 

. p JjjU Jj1 y> £ f p — 1 

cp : E — »- E > a — a p (T 
• G ( E/Zp ) l.jJi* i ^-j ^ Lb 4 Z p iljo JJLi 

. G ( E/Z p ) j n o-j 11 a* cp oj (v 
. liaJ^.<p j n Ujlljy Sjl^a G ( E/Z p ) uj ( >■ 
: 6i» x Jl i-J\, f jll* f ' olTj a eK d^j f,geK[x] ti] ( \ v 

(af)' = af ( v (f+g)'-f' + g' ( T 

nsN ±f (P)'-nM.f ( a ( fg)'-f'g + fg' ( 

. (fog)'-(f'og).g' ( * 



- T.V1 - 



JLJl f Jll. Pol-i feK[x] (p^O)p K itf ISJ (U 

. feK[xP] ^JIT I SI Ja»»j ^1 >JI tfjl-> x i| 

: ^ilfj ( p 7^0 ) p F olT lil ( \\ 

f n (x)=x pn xeF[x] 

■ f r I f, oi» r | s 6lT il ( T 

f„ (a + b) = f n (a) +f„ (b) ( v 

f n (-a)--f. (a) ( ^ 

f n lab ) - f„ (a) f n (b) + af,(b)+b f„ (a) ( a 

• a^O C f n (a-')=-a" t - pn f„ (a) ( » 
• F 6* t? J Jr J 2 * K = { ae F : f n (a) = } ( j 
A f(x) <jT ^Jli p^ o F JI» Jp f(x) =g(xP) JuilT lii (t« 

. Q. JJUl 4^* ^ k= Q.(|/2,|/3,|/"S) Ji^ 1 u 1 oh (n 

: J» L i*J Ji»-jt ^sJb'j (ya) (.Ijil-tj 

I a ( QJ I ( - I G(K/Q.) | (v [K:Q] ( T 

I a(Q.(|/7) | ( * | aQ.(^,k^S)) | ( > 

I <x(Q.( |/"3 + |/"5)) I ( J I a (0(1/33)) I (j 

• I a (K) | ( c 

. f(x) = x* - 2 eQ.[x] wj-itl ^ (yt 
~ YiVY - 



. Vl*L\ f( X ) '&\ oJT ( T 

JiJI K «j1 cJt f(x) ia^JbJ J»>J Jie- K ^ ( c_j 

• [K:QJ a^-jtj Q, 

• G (K/Q,) ij-jll Jjjb. *_jTl ( 
• Q> . (x«-i) LajjJ-l j,jis ji^ k (rr 
. Q > <f» t8 Qo j^-jI ( T 
[K:Q] j rj i ( v 

J;IUI JilJI J5L-JI j. ^2 U e G ( K/Q,) £,IT Kl ^ ( - 

. G(K/Q) .j-jll JjJb.^Ti ( a 

h**—^ ^ k ^ g ( K/Q) ^Tl ( tl 

* * * 



- TIT 
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MODULE S 

•liii L^l M Uli-1 It ^Jt\ Jji> i ltX>\ j Silo- R J\ J*ji> 

. *) j*j J£.l» M • V 

RxM — ► M 
(X, x) — - X« 

X ( x +y ) =Xx + Xy Mv« »y eM ) » V V X e R ) 

( X+ =Xx+E* x f ( V* eM) , ( vX.JxeR ) _ r 
X{j*x ) » (XjA)x f ( yxeM ),( vX^R) _ r 

1 R x = x ( VxeM) _ t 

. jLaJI ^ R ^ Jeko~ #Ui M £>t Jj£j 

Ri.JU.ijJI iiU-l <>*-" 4>» LiU ty*l» *U» M A^li- iiji** 

- TW - 



. *l yj Jila jXiS oj\l\ I.-JJI LlilJ S^j M : ^ 

M xR — »- M 
(x , X ) *X 

( X +y)X = xX+yX < (Vx,yeM) « (vXeR ) - 1 

x (X+t*) = x ^ + x t JL * ( v xeM ) 4 ( v * ' l* eR ) " Y 
(xX){A = x(Xtx) f ( VXeM ) < ( vX,t* eR ) - r 

l x = x i ( yxeM ) - i 

^lll »liwdi ^ l oLi- R iJus-tjll iSii-l ^aLe ^»-J 

M <^ L*-^ J j F ^ AilA-l oilT UJ ly^* »U» M 6 

. F Jfc- 

Lit < R I- ia> > m yiU-l Vr wii «>i)^i yiio 

. R l^j 



- T1A - 



( S - y - 1 ) J&> 
(t-l-t)Jli* 

Z X M — *. M 

(m , x) — mx 

x + x + ... + x m > 1 

m x = J o u!f lii m -= 

| mj x j m <— 1 

. aJiUi i,jk; < uU-i oi.iiwii i,^k; iUlj 

(Y-1-T)J£» 

o!T Ul-i . R XlU-l j s it j*4 oli-JaiH ^-jt; lc jj± -» y j 

Jj« R ] S J J ; -k> ^* f f g lc — t c yf 6i» R s a* { f g 

J r L; Xf u|-» XeR OlfJiij • (yxeS) < ( f + g) (x) - f(x) +g (x) 
^•Li* Rs ul . ( VXe S < (Xf) (X) - Xf(x) j^Ris J 

. R J» 

- m - 



( x t , x 2 , ... , x n ) + ( yi y 2 ... y, ) = ( x t + y t , .., x„ + y n ) 
X ( x x , x a , ... x„ ) = ( Xx t , Xx2,-> Xx„ ) 

oli < 1 j R o* '^JT ^ S -> R oilT \a\ 

. R i idUJI 

The Submodule ^jft fl ^SKIl ^9aUL*ifl \-UV 

,r Jf M y 5ii-l ^VJI *U*JI a 4 N aJ&I j^- X-fji-l fc^Jl u^> 

. ( v x » y eN ) 1 x - y eN . ~\ 
. ( vX eR ) < ( VxeN ) < XxeN 
N 'il t — Lii»- N j»- I J^*^ 

U< ^ ( VX eR ) < ( V*eN ) X^eN j'^M ^ •j-f a* *J> 

. ^jli-l J-CUI ojl^ v- 1 ^ ^ N 

- YK» - 
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: Jai> li! M <j* k> ^-XL*. ^rr 1, 

Xx+pyeN , (Vx,yeN) , (yX,{*eR) 

0-1 - 1) JU* 

<y Jij* j&>- — ^» g JJaU i.**- ioj^. JT 

. z Jp g ^iW »Ui)l 

. jLJI a- oli Jp R ^ili-l 
oUJw R J 6 c**^ 1 ^* R s cJ{r - ^ -r) J j 

t feRs oli-JaTll itj^ R (s) -i >>' • R i/JUvlJI iili-l J S 
fr^fr </ iU •li* R<s> o 1 . ^ < zsS < f(x)=/=o 

. Rs tf iU-l 

4_lU-l M ^211-1 »LiJ)l juj.- jUie- cr»U»i N',M t>t ,> j*> 

: _> iJL*U j N + N'jUj*_y ^ 6l» f R j" 

N + N'- { n + n' j ( n , n' ) « NxN' } 



>-* R t> M ^sJ! ^4*41 *Latft ^ «Jj» o1»U^ i^U* gM*" 

* M 0* <^J^ (^ii> *Lod 

M V*^" 1 y*?-^ cr* V-fc" ( M. ) 

• R J* 

, y e n Mi => x,ye M, { yiel 
iel 

. M (f ^ Jj? *U» M 4 6^ 

-> \x + j*y e n M; 

iel 

Jj«i . R J* M ^10-! .UiJI <y LIU >c 3LJj r icy? S ^ \a\ 

n 

a — Ai 

<S> -J J S t£j^<yjf v ^ ji-rl j*j M ^Jj*- ^lU- 

■ <S>-{0} cjU s=4» viJlT lit . S J 4.U-I ^-Tl JUI ^ 

- UT - 



i e J iel 

SJti-l jr*, lysll Xe.,4 P*(I) iv . V* e J < n.eN. < JeP* (I) 

. I <y 

^ S(M) R iJU-ljll iili-l Jp ^IL. .Li* M <j1 l>j^ 

M o* Jfl- n N. ol» M a* ol»U»» ic>»f {N. :iej} 

UJ 1 

w 1 

nN. *1 tfl N. ioji-i oLUDl i M a- ^ .lii 

{N.| jej} fc^il . .ly*VI ii^J i-all {N . | iej} J J^l jj-i ^ 

^ j*j < SN U A l — *l jj^ll ^jjll ,Lii" Jtl a- 

>ej 

JftVlai-l s J-H u < n. «J)tl o'»Lii)l gjh tfj* Jy- ,Ldi 

: ^* N„N S u^'ji-l Ur.UiiB 

Ni + N, = { ti! + n 2 | n^Ni n, eN 2 } 
^ y » .Ij^-VI iJ^ S (M) ii-^4 1 6^ ^ 

J atit ^ jit ij^j l>j jci u. l> uy. i^yji. j<j 

< t — i — r > 

4Jil>oWUflfl A,B,C tf^jpR l-Jib> tgau* M Ul 

- TTT - 



An (B + C)-(A n B) + G 

M & ^Ui ^ M - i -r ) Jttl $ LSj* 

: oj^C 

A n B s A => ( a n B ) + c c A + c 
An BcB => (AOB)+C c B + C 

( AnB) + C £ ( a + G) n (B + G) 
( A n B) + c s An( B + G) 

• k> CcA 6^ 

ae(B+C) jif aeAOt»aeAn(B+C) ^JlTUI « Ufc o-li ^ 

. csC< beB Oj^i ~- a-b + c J5CJ! Jc a ^JCj JU^ 

: itljfj beA u l ceGcA o* b- a -c U-ol 

: c>l diU beAflB 
a e ( A A B ) +G 

A n (B + C) c ( An B) + G 



# * * 



( 1 - * ) 



ijj* 4*^** S J? J* j*> j R ^ kl* ^L. eU» M 6^ l^i 1 - S -r 
<l >^ (SJl\j R j S J jot — *M <Jyu < M 6* SJl^ 

: J, fc' Ann R (S) 

Ann R ( S )- ( X^R 5 ( V x 6 S ) , \x =-o } 
^ULI ^b 4 JU- it fc'Rj ^LJI <y Jli. Ann R (S) J 

. M t>« TjIo- *U» S 6lT lii R J 

cl.liiJI oilT 1S» tk-w r Jc m yjWll *UiJI r - ^ r 
HI IU...,» jvi o^Ci t\ tfj>. {o},M I*» ^» yji-l i-iii- 1 

: o^xeM J' J?- 1 6- of ^ 
M = Rx = { r x | r eR } 

i Ji»- »La» r *i . aie. r ^ <->*j* r-i-r 

All* ) LilU.1. ^Jb- R iiii-l cJX Jai» l»i R J* llfc-; 

. ( 

N + (Pnt|,) = ( N + P) n (N + ^ ) ' 
(Nn P ) + ( Pn<p ) +( ^ nN ) _ 
(N+P) ri(P +»};)n (<|/ + N) 



Homomorphismes 

♦ &tLM JfLiy 1 - t - 1 

. R hAt*\ ^ iiii-i Jc uuH- o*^* i>*^ N,M uiS" tel 
: ulT Lli lilj li! ( ) "rtTULS f:M-»-N jJ>$ 

(VX,yeM) ff(K+y).f(x) + f(y) . T 

(V*eM),(v AeR) i f(Xx) =Xf(x) , v 

J* N,M jUjWi! «>U*Jt jj> JTL1:JI ^ (F R l»l 

. LLi- kJu < f 

Jf u> Jf *TUS -j^*-! ^ ( ) ^TU f:M — ► M <X UJI ^c- 

. JjllI 

VsSj W *fli3 f : M — *- N J-kM ^ ' ~4jt~i u*> 6 l <j£; 



f ( o M ) = o N f 

( yxeM ) f f(-x) = -f(x) ^ 

(Vx,y eM) f f(x-y) = f(x) — f(y) ^ 

(V x i.x a , >Xn 6M) , ( vXi.Xi, X»eR) . 3 

n EXiXi)-s Xif(xi) 

i=I i=1 

<i - t -r ) ju* 

jOlJ-l i>.U4)l <>_, JTLJU y f:M Jyj J^LU jf £,1 . Z 

: ^Sj N,M 

(Vx,yeM) f { x + y ) = f(x) + f (y ) 

: oli dlliT 

( yxeM ) , ( V nez+ ) , f ( n x ) - nf(x) 

f f nx ) « f (— n'x) f(n'x ) = — n'f(x) 

= n f(x) j ( A n e z~ ) 

- TtY - 



f : M° — *■ M 

( x„xi, , x„ ; — *■ x; 

.MjeM 1 Ji ^ 3 ( r >j,*~i ! ) JfliS J.UI Jf-kM ol 

( r-r-r > ju* 

h, : M — *- M 

x — *- ax 

h.(x + y) = h a (x) +h a (y) 

h a (Xx) - X ha(x) 
.1 — -iiJI j M ^lU-l »LiiD O^TllrH fc^ Hom R (M,N) -i > > 
M ylU-l o^TlxJI ic End R (M) >jU ^ < N ^iU-i 

• R > 

^ttlill 4>)TLllll ail f + g £,4' ^ j*J f,g eHom R ( M,N) ulT W 

r J.. £ (XeR) < Xf ^ 
(f+g)(x) - f (x)+g(x) j ( V x6 M) 
(Xf)00-Xf(x) i(yxeM) 

< 1 - r - r 

f >g eHom R (M,N) &o*ji3 R <> Cfc«l> •Jft**^ OJ*L*i* M »N Jlf U1 

. f+geHom R (M,N) CM 

- HA - 



*. 4J£U oU» j4l Jb JO 3^ ^ ^ J' «^ jliU o**j dtUT 

<2fcU M,N , P O^JSf geHom (N,P ) i feHom { M,N ) & 1j1 

.gofeHom ( M,P ) 0* JT* R ^i^l* ^> ^stf* 2 * Ol*L4d 

( T - t - T ) j-* 

g, , g, , g eHom (N , P ) < f, , f, , f e Hom(M.N) W 

go ( f, + f, ) - gof, + gof 8 
( g« + g*) of - giof + gt of 

go(-f)-(-g)of--(gof ) 

j*>L3 < feHom B (M,N) &\ v° J»3 *o>1> R 4AbeH c*5U" ttl 

L«^J>fUk3 Hom B (M,N) AfrgtasM AHaJI ftJLft Xf £ Hom R (M,N) 
AjbU » jAj '< nd R (M) 4fr^ad1^ * R 4ju»1jI1 AibtH Jb Ub> 

: £ld dUS J\ &L*tt« 6 oULJa3I J 4J**1 <LJl *il> t-wt y*3 4*"*> 

( vXeR ) , V (f,g«5 End B (M)) ; X (gof i = ( Xg)of-go( XO 
<Ufcj*atU i»t Ji>5*» . R Jb Wtf 1 j*> J*L£> < End R (M) J^aa !*• 

^ R 4H*J1 CJIT U] Z Jb ^ f t* JJL^ ^» Hom(M,N) 

: geHom(N,P) , feHom (M,N) 6* u*>> J">*. D* ^ 

J-TU go f ( fjAjyyy ) g , f t>-* J*" ttl - 1 

i>j-ui gof o^(ri^^^)^ *. f o» *X ui - 1 



♦ L*J Jf W gof <M ( ^jy3j>) ) g , f J W - t 

♦ L*>f fj-j gc^ {\jA>3*^g of c^* ^ — < 
♦ Lajf fj^jyyy f 0^ ( tj^jy^y ) £ ° f W — » 

I ^Aj^J f«=Hom R (M , N) 
^Sl> pLak f(M,) M Uj> L3il> f La9 M, ^ - \ 

^sj> \u* f- 1 (n,) <>i$ n j* 1 uj> ut> *u*a Ni c>w" ui - r 

. m 

J osM, f(M l ) #4. £/ V ^ ( 

. f (o M ) -o N s<X^ f (MJ 

V y x , y, e f ( M x ) , g x t , x t 6 M, 
y,=f(x,) y s -f(x,) 
Xx y i + Xi y i = X, f ( ^ ) + X, f ( xi ) = f ( Xi «i + X« ) 

. Xi y, + X«y s ef (MJ <jt gfc Xx*i+ X 2 x s eM x J l 5J 

OjC^ oiief-»(Ni) <^ fMN'O^* ^ U * ( till 

. f ( o M ) = o N eN t 

Vx 1 .x.ef-»(N 1 ) =s> f(x a ) , f(x s )eN, 
X, f ( \ )+ X* f ( x, ) = f ( Xi x x + X*x, JeN, 
- YV- - 



• N (Jj? <^°- *t^» f ( M ) = I m f oi* M^M ^IT lil - ) 
^ .Ui f-i (Nl ) - f-i {0fl} uli N t = {o N } or W - r 
. f S«/ ^ ( kernel f } ker f U >^ f ;l • ^ ( M - 

J-Ul c,\j ( l^'-i J* ^ .Li* Z i*-^JI hj^ a l 

: t z J* f(x) - 4 x iMli f:Z-*Z 

Im f = { 4x i x eZ} = 4 Z 
kerf „ {o) 

. Z ^\ .Litf ^ ^ ^ .LSi ^ jr, 

• z 6-* c^Jr- sz 
( o> - r - r ) 

. kre f- {o M } & U| UjLi, f : M — ► N jrU^H^. 

: bjj UJ C xekerf u 1 < kL:, f |T li! ( 

f(x) = f ( o M ) 

- VT;V - 



. kcr f c {o} c$t x - o M 6 li t f o' U , 
■ gtf itllj {o M } s ker f u.l* dUT 

: t>f kerf-{o M } 6lf 1^1 ( till 

f( x i)=f(*,) 

f ( Xj - x, ) = o N =t* x t — x a 6 ker f = { o M } 
=s> x, -Xj o 

J ;^iUI f ( M t ) J L-.CH Jj^JI ^ iJUl t»jdl 6* 

. feHom ( M,N ) jTlUI jij dDi, f-i ( N x ) 

n - r - r ) ^ ^ 

< R *H»1jH 1> &tLai M,N ^U" 13] 

: 61 M 0* t/J* A-aiM, feHom ( M,N ) 

H[f M, ] = M t + kre f 
f[f- J N t ] = N 1 nlmf 

M <asH[ f (M t ) ] Jtllj f(a)ef ( M, ) & aeM, ulT IS] 

: ^1 

M lS H[f(M|)] (1) 

- rn - 



: <jU dUiT 
{ o N } S f (M x ) =*> f-i { 0n } s f-> [ f (M a ) ] 

ker f = f-> {o N } c f-i [ f (MJ ) (2) 

: <jl ( 2 ) , (i) ^ 
M, + kerf c r«[f (M,)] ( 3> 

bef-'CfCM,)] => f(b)cf(M,) 

> 3a e M t , {(b) =. f (a) 

> f(b — a) = o => b— a e kerf 

> beM,+ kerf 

: 5ljUI g£» (4) , ( 3 ) ^ 
f- l [f(M 1 )J = M 1 + kerf 

( ^l? 

^^(llmf* beN, A belmf 
3 a e M , b-f(a)eNj => a e f- 1 N x ) 
b = f (a) e f [ f-i (N t )] 

N, n Imf £ f[f-» (Nl )] (5) 

(NJsM => f[H(N,)] s f(M) = Imf 

- rtr - 



ftHW jczN, n Imf (i) 
: SljU' ^ (6) 3 (5) 0* 
ftf-^Nj)] ■ N x n Imf 

: u_^. ( n - r - r ) t»jdi ij^i 

f-» [ffM^j-M, 

f[f _1 (Nj)] - N x oj^i 1^ kerfcM, ^JT -Lii Ulj lil 

.N ig lmf -Uii liij Ul 



* * # 



^U- :; L:)l 6 S0 < iJU. ^ A,B,G «jt J* A l -r-r 

• ^r^ 1 J 6 a* j: g : A — *- G < f : A — *- B 

ho f = g o h : B — »► G jJaJ Jo.^, _ , 

V X,yeA, f(x) -f(y) =j> g(x)-g(y) _ T 
< f : B-*A ulUalJI^O < olfi^i^' A,B,C $ J» ^ r-Y -r 
: jjuJUl (ju-ai)l ^iUU Jp g : G A 

. foh -g dj^-i vl.^ h : C — *- B jJaJ Jb.^ _ ^ 

Img c Irn f _ r 

• f : A B J-JaJi i jcJU >c jUe A , B d)T u*j^ r - T - f 

: UUI bUill ^ifcTi ^ 

. «>Ll« f _ t 

. gof - id A o j<i g : B — ^ A jJmi Ju-jj _ y 

: h,k:C-^A WLktfl., G *c 
foh = f o k => h — k 

• f : a-*b j~I»:Ji j£j < jcJii. jtc a,b 0^ J 9 ^ t - r - r 

: ZJUI U^iJI >£j Jp ^ 

- rr© - 



. A f - s 

. fog = id B t) g : B A J-Jai - Y 

. h,k:B-»-C jO-kfl, G >c 
hof sa kof h - k 
f e Hom B (A,B) Oij R J» * — ^ A,B,C £>1 i>>i o - Y - r 

: >IP J 6 • g e Hom R (A,C) . jTli3 

. hof-g o j^i h 6 Horn (B,C) J^LU o-.^ _ \ 

. kcr f c ker g — T 

,kerf-kcrgolT Jj» W *^»U! f £,jC JiU^t 

f e Horn R (B,A) R > *-Jl>- ^t*^i A,B,C J u*jii 1 - T - r 
: >IP >u»J! Hom R (C,A) t jTU 

. foh =g «j j£j h : G B Jk-^j J^"LU - \ 

. Img clmf — r 
Jaii Ijlj lil Li; h a/Ci < »i J 1 

. Img = Imf 

M of lij R Jp Juke- ^Ulii M,N a* V - Y - f 

^ji^ jjj-c jTLU Jf ( y - \ - r Crydl g]j ) tk^, 
JTULS o£ tL^, N lit j t jTlJ f : M N 

M lj! *^ g flLj . jTUu ^ f:N-**N jrjc 

g:M-»-Mo* — firm (End R (M), + ,.) Ik--, 

- TY*\ - 



f[A n f- 1 (B) ] 



f:M— ^N^t^^L A-y-r 

: N a* k j»- 

■» f(A) n B 



★ * * 
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QUOTIENT MODULES & ISOMORPHISM THEOREMS 

.C L'jo- *Ui N ^>CJ ^ r La^IjJ! UiW J* Lwu *U» m ,-XJ 

: E iJUi iJl^JI iftU M ^ 

xEy <s=s> x — y g N 

. N ltI — ** y J'Ua3 x tjJJj xaay(mo<lN) 6^ I — t-^-J 

: Ji U E iiAJt XftUI ^J^j 

. V xeM , x = x ( modN ) hJZ*U . T 
y ssx ( mod N ) <= x*= y ( modN ) : SjliUL. . v 
<= x a y ( mod N ) /\ y as z ( mod N ) : *»JUC «. 
x as z ( mod N ) 

< M J 35)* 1^*63 jCiJ < >fcU S>U ^* E iiUI ifcUl^ 

>i If x+n i— xiijii fe^li y*j "n ~*. * eM ■* yj 

— YTA - 



: jJdl . M/N yj\> >UlJI 

ir : M — »~M/N 
x— x/N 

xEy <=> x = y ( modN ) <=£> x — y eN 

x/N + y/N = (x+y )/N I v x/N , y/N eM/N 
X (x/N) = (Xx)/N ( VX^R 

x = x' (modN) ) 

x mx' (modN) => Xx = (Xx') (modN) 

•VXeR 

: L i J 

x ™ x' (modN) <±s> x ~ x' eN 
y m y' ( modN) <=> y - y' eN 



- m _ 



( x+y) - (x' + y') eN =s> (x + y) = (x' + y') (modN) 

x =x' (modN) <=> x — x' eN => 
X(x-x')6N => *x = (X*') (modN) 

m/n ^jr 1 ' R (j-^ M ^* k * J1 y*?^ ,L ^* 5 ' Ve j» N 4>^ 

: cM ( v— y — v ) o*****)* 

TC : M — *• M/N 
m N^^Jc M J jrjbJl *W* M/N ♦ ( ^jjjjj^il ) JTUu 

7 N.y/N.z/NeM'N J? W* ^ V* 1 : 5 W 6i ( 

: e* 1 - T 

( x/N + y/N ) + z/N « ( x+y )/N + z/N = 
[ (x+y ) + zl/N = f x+(y + z)]/N . 

x/N + ( y + z )/N « x/N + ( y/N + z/N) 

• o"^ o/N j*j JjLtf j-Ai — «_j 
x/N + o/N = o/N + x/N - x /N 

- n. - 



( _ x )/N j*j *) ol» x/NeM/N ,>JCj - >■ 

: t> 

x/N + ( - x)/N = ( — x)/N + x/N = o/N 

X /N +y/N -(x+y )/N-(y + x)/N- y /N + x/N 
R * jl J> tfJJ^ jLJI a* J^ 11 ( ^ 

: VA,yLeR,x/N,y/NeM/N 6 ^^* ^ ^ 

X(x/N + y/N)-X J+Xf • T 

( X+lfc)(*/N)-Xf!r + l*|f 

X(jfc . x/N) = (XyO(*/N) 
Ik. (x/N)-(x|N) 

. R vt^* ^ M / N ^ Jr l<r ^ 

: 6^ J*~ LIS ig : M — * M/N j^' j-i" Jh^ J 

x-*x/N 

,c ( x + y) = (x+y)/N -x/N + y/N 
- ic (x) + tc (y) 



. 5 



tc(Xx)-(Xx)/N -X.(x/N) 
= X*(x) 

- Ti> - 



M/N yilW »Li»* ( >* ViV 1 ^ ! *L^iJI felk. JjU 

( r - r - r ) ^l*^ 

.R 4-*J»tj}l ^Jb *Uai« ^ Uj> UiUsU^ N $S ttj 

♦ N cAc M C*pu M A 4*Sj*J1 oULaa)) 4&j«aui ^.3 

: ic ^4 l 

A/N = { a/N | a eA } 
: 5V tfilij M/N 0* <y *L«* 

V a/N , b/NeA/N } a/N+b/N- (a + b )/NeA/N 
• (M <y ,y j^- A ) a + be A 6^ 
VX^R, Va/Ne A/N J X . ( a/N) - (Xa) /NeA/N 

. X ae ^ 

lit f £,1 f (A)^=A/N -i «>«ilj A/N ^JjU ^lU-l jrjlti 

U — »j A/N-B/N £>U NcAcBcM dj^i ^ f(A) = f(B) > ^Jf 

: oj^-t beB , aeA t#^-*i 
<= a-beN <s- (a-b)/N « o/N a/N = b/N 



a - b + n , neN 

AcB <= a<=B Oij n e NcB 
. CP' «>LL. f jJa^lj A - B iUJlj B c A al ^ 

: M/N a* V> *^ P 6*T 1*1 tft < ^li f d \ ^ 
P = {x/N| xeX} 

Vx,y eX, vX , {AgR , X ( x/N) + jjl ( y/N) -= 
(Xx )/ N f ( jty)/N = ( Xx + (x y)/N e P 

■ M/N (>• ^UU- ^Sj^. .U» p 6 n/ 

• M a* <y> 'La* x Xx+pyex 

o - r - r > fc^* 

~£ A/N JCUI ^. M/N ^lli-l EJ li-l .Lii & J }r ,Lii JT 

. N c A s M u 

- m - 



M/ kerf « Imf 

; jJalll j^-lJj M'ckerf o j& M <>• t-3j»- »U»» M' £<J 

£: M/M' — >~ I m f 

x/M' — >■ f(x) , xeM 

£ [ X(x/M') + {A(y/M' ) ] = £ [ ( Xx + jty)/M'] 

. (Xx+^y/M'eM/M' Jll'tj Xx+jjiyeM xjeM o ! 
•r#J->*r;l V ^ J*^ £ ^ ' kerf / M ' is* C ;l > 

J rfl ^.rii j^ai iLl'lj LU. £ UjlLc M'-=ker f Biil 'ij 

. M/kcrf a Imf 

6jSu r je m ^awi cLaaI) p,n ^ir uj 

.M/N« (M/P) / (N/P ) ItfCttj?* P sN 

: £Lj»jJ1 

h: M/P — *- M/ N 
x/P — x/N 

j Jj^ 1 N/P 4JljJ jTli; h J a- 



<M/P)/(N/P)»M/N 

(o-r-r) ^auiijrioiiiitLft^ 

R iu^ljfl iQifcjl > M ^abJI ^ a,B & U] 

(A + B)/a « B/(AnB) 

^r^W 1 ) J^^j 7C: A+B-^ (A + B)/A jjlUW ^JJI ait! 
(A+B)/A ^ tj^j ARB ^ o-ly-jTliS Ttof 6> . f-.B-^A+B 

: uT jTfcii j jjVi i^u jJa^j 

B/( A flB ) » ( A + B)/A 
: iJLJI Zasscnhaus fc*ju ofc dUi j*, 

( *\ — f — X )Zassenhaus &jb jjt 

R > M ^lH-l .1 ^ ^ u Uj N;P> N / )p - ^ |^| 

: u' N' c P'j NcP 

N + (PnP') _ POP' N^(PnP) 

N + (p n N') ~ (Nfi p')+(N' n P) ~ N'+(N n f') 

: oL- »jJ1 

: LjI (j^fCj, PnN'cPnP' J l f 
(P n P') + N-f (PnN') = (PnP')+N 



- no 



(PnP) n [N+(PnN')]-(PnPnN) + PnN' 

- { P' n N) + ( p n N') 

: J^P J* B-N+ (P nN' ) 

PnF ^ n + ( P n P' ) 
(n nP')+(N'nP) * N + { P n N' ) 

. <pl jTy J* ifcjL 



★ ★ * 



( Xj , Xj , Xj) ^ ( Xj , x 2 ) 
ifi^-^it D cR', \>j>j Ul < R2 j R3 jfliJ 

D - { ( o, o , x, ) | x, eR } 
. R J /D » R 2 6^ R 3 a* <yj^ D J g^-l 

J >4>6*->: feHon(A,A') ul> 6^ 6^-* A, A" J ^ 
. A » ker ( A' ■— *• A'/Imf ) ui» **"L3 f q$ jil _ ^ 

A' » coker (kerf—*- A) £>l » f t>lf - Y 

. cokerf-A'/Imf 



it it it 



EXACT SEQUENCES 

** | 1 1 I,, 

g * 



n 



B 



f 



A' 



- 3 



; itf Jj» lil Jitf 



g = ho f 

( T ) J=Ui oj<i 

: <jtf iu» ISlj lil lliLJ 
f'oa-pof , g^p-yog 



UaLS 



... M,., ^ M ; X M 1+I - 

ker fj » Im f,_j 

< i — c — r > 

feHom(M 3 N) olfi R 4abJ1 J* cft**^ Oi'^ M,N J*T Ul 

f 

: *JG4i cjw JaB tsjj jrw f . ^ 

f 

o — »- M -*• N o 

l iUtkerf-{o}6lTJ»iilil J !i!U _^ M _^ N ZJlZZll ^50 - T 

• ( Ljijj*^ ) *TL; f 6 |f JLii 

imf-N J»ii u M _^ N _^ yidi aye- _ v 

- m ~ 



. $TU5 f u& -^U % ^ 

f 

Jaii lilj lit * *fe o — M N — »- o aJ^II ^jCs _ p- 

f f 

f <jK" ^ ^ "> : - b o — *-M — >• N < M — *~ N — »- o afcJfcM 

bi <$t aria «;/~ j,\ iju^\» ^ii3 f uir ±& ^ tfi b . l f* 

. 5iTu f air .u lit j 

f It 
o — *- A — >■ M -- *- M/ A — o 

. ^U)l ^ jJd « j-^j ^ i >j; ~r u 

ZJlzll ^> dUoT L.U M-^M/A ->- o *JtiU TC <ji 

i it 

Utlli^U-i J^jL^j ' Imi-ker.ic-A 6^ **l3 a — *-M— *-M/A 

i 

. U3 Lijjill UfcAli **13 o _^A — M 

SJtll feHom ( M,N ) <j£j R J* o*^- M,N Olf til 

• LIS UU 



_4-kcrf-*-M— ^N-^N/f( M ) o 



jL, • oH Ui o-* ker f -*~M Ut=ll 
- To. - 



f * 

kerlC N -Imf *-l3 M-^N-^N/f(M) aJtlli dJUir 
LIUI 6 f <M j-l* it 1.13 N ~^N/f(M) o Uisll 6 U 

l — Jlrll ^ k J3> ^ jj^:. ,>U» V P V, ulT 1*1 

: ~f **13 -+vA V 4 xvA V 2 -^o^ 

*i — *- ( *i , o ) 
Pi:V,xV t - V 2 

( K t , X, ) >- X a 



r [i p* & il — Uj o -^vAvjxv, ^r* i t>' 

Vl -i Vl xV Av, V 1 * 1 ™ V, x V A V 8 — o ^ 

. U3 Li^iii Udl 6j5Cj Kerp 2 -I mil $ ** 



>u dl_JiT u> G ^vAvjxv, ^r* i t>' 

Lb 

S_Jl=. o — »- M' — *~ M — M" — *~ o (>• *-W SJtsU ^ 

. c/A$~l£l)l oUlIL. J i-eU- o'i short sequence » 

' tf>*MJ^N ^ alfiij c>f oUlzll j J*** 



M — >- N — *~ P 

: bo) dj^i kerg=Imf o\* **3 

VxeM , (gof)(x) = g(f(x» = o 

J — £ ^ J* gof = o J u c ^.-5 f(x)e Imf-kerg 

3 .U iiUI Lllzil of ^1 45 S ol» gof - o utf *il Jw-^i 

. semi - exact sequence **t> iJUz* < gof = o 

J»j ( coimagef) f J * — O^ 11 6i» f e Hom(M,N) 

: _» <i* j** coim f -j ^ j*j 

coimf = M/ kerf 
I i SJ Jj ( cokernelf)f J >» 

: Ji £ coker f 

co ker f = N / Imf 

A — t — - B C 

A' p— B' g^C pp-D' 

- Tor _ 



♦ JHi," p ilTU <^U?a, y U1 - T 

: o«-*jJ» 

^-^ ceC J^ji « J*" 1 ^ Y a^J b'eB' J»ju — * 

(goh) (c) = ( h'oY) (c) = (h'og') <h.') = o(i) 
: b^(t) o* ' *-'^ L * J*-" jkJ* 6^ h'og'-o 

h (c) e kerfc = {o} h (c) - o => ce kcr h = Img => 

. c-g(b) uj^i beB 

g' (b') = T (c) - ( Y og) (b) - (g'op) (b) => 
g' ( b' - p (b)) «■ o => b' — p (b) e ker g' = Imf 

b'— p(b)-f'(a') : oj^i a'eA ^ 

J^-r*".^ a' - a (a) u^^i asA -^jj j*^ a 6^ 

b' - S(b) - ( f'oa ) (a) - ( Sof) (a) =*> 
b'-p [b + f(a)]elmp 

: Uij)j y (c) = o «*= c e ker y of (v) 
($oh)(c) =(h'oY>(c) 



b (h(c>) = o =s> h (c)e ker $ = {o} => h (c) = o 
=o c e kcr h = Img s> 3b eB ,c -g (b) 
o-y(c) =(Yog)(b) - (g'o£)(b) 

=0 P (b) e ker g' = Img' =»> 
3a'eA\p (b) « P (a') 

aeA J^(>« a' -a (a) u^ 1 J^ lii a o' ^ 

8 (b) - ( foot ) (a) - ( p o f ) (a) *s> 
j$ [ b — f (a)] =0 =?> b - f (a) g kre p - {0} => 
b-f(a)=o =* b=-f(a)* 
c - g (b) = ( gof ) (a) = o =s> kery - {0} 

( t — ^ — T ) 4~*ifeM oU^t 




as 



>t ju* ^1 W oUJU J* (T-Y-t-r) ^ 

- To? - 



b'\ jf rfj-Ji ifccn oUjjH J* ( v _r-i-r) j-i^j jTu; 



t 



I 

C 



fe Hom R (A,B) 6b R i^ 1 ^ J* t^LS* A,B 6^ 

M. 





Horn (M,A) — *» Horn (M,B) 



$ ^ fo$ = f,($) 

Hom(AjM) -e- Horn (B,M) 
6of-f*(0) — 6 

( ( - i _ r ) 

: # 

f g 

(1) o — >■ A' — *- A A* — »- o 

: C?uJUai 61 0* JT 3 R J 1 * 

(2) o — Horn ( M,A' ) — * Horn (M,A ) — ^ Horn (M,A*) 

f* g * 

(3) Horn (A\M) Horn (A,M) Hom(A*,M) o 

: oLjfcjJt 

ker g* c: Im f* ( r ) . Imf t c Ker g, < jTU f # ( T ) 

( T ) _j laJj 

f 6*1 f <>^ ! j fo6-o MA f*(6) = o <^= Qe kerf* 

_ Tol - 



: ^yC, ^ 0' 6 Hom(M,A') 3 <= Oelmf* olf 1*1 (v) 

g *<0) ^ . o - f©6' <= '6 -MO') 

g* (0) - goO - go ( foQ') = ( gof )o 0' 
g* (f*(0')) -g* (0>=o MA » <= gof»o A - A * i>C!j 

Imf # ckcrg# <^0 6 k erg* o£i 
go 0-o <= g„(0) =o <s= Oekcr g* (*•) 
V meM . g( («)) - o ^> (m) e kerg — Imf 
s^a x'£ A' , (m) " f («') 

J-fLLi 0' oi . 0'(m)=x' 0' :M — - A' J-ktf ->j~ 

(m) - f (f Q') (m) yneM 

= fo0'^ -f«(0')^ e Imf* ^ 
Ker g» c Imf # 

•tfjUl iljLij o'./JI ^jil v *- u <*) OM ^ 

:*jtel\tfzs (T) 



f g 

(4) A' — *- A — »- A 



- rov _ 



: (5) 4«Jtm 

g* f* 
o — >- Horn (A",M) — Horn ( A,M) — Horn (A',M) 



f g 

(6) o — »- A' —*~ A — *- A 



i* g* 

(7) o -v Horn (M, v ') — *- Hom(M,A) — *-Hom(M,A") 

: outfit 

■ (t-t-r) J : .^ v» < a* <i -k^ 11 f jjJj 

. Jaii ( 7 «j Ja^JDt Je. Jaii ^jC- 

: <$1 g* <i=j (5) SJtli! li' 

8',[A*e Hom(A*,M),g* (Q*) = g* (p")s«> 6'-(*' 

: <g\ 

. ( ( t . r - r ) alii j ) y i g atJi j 



- ToA - 



n 

A 



(f*og*) (Q') =. 6*o (gof) = o <^f*og* = o oii 

j M=A" M 0"e Horn (A'.M) ulT ^ di'i, 

: Ljo) 0* = id 
gof = o Imf c kcrg 
■ <i/ iJI ^ j^Ls fl: A-^M < M-A/Imf toil UJ 

• £^1 8 e ker f * ulT ili ker f * = Img* 

3 6'eHom (A*,M) < Q = g* ($') <^§e Img* 

: j 

6 = 8'og 

6 00- ( O'og) (x)- o^g(X)=o<^xe kcrg 
x e ker Q = Imf <=; Q (X) = o <^ 

ker g c Imf 

kerg = Imf 

.4*13 ( 4 ) Ulldllj 

• ' Jt* { "T 1 J 4 J»y^l iU5^ (jUj. Ul 



* * ★ 



. K jsi-l J* A,B,G, A',B',C i^il 1 ol.UJI 6 5C:) i - i _r 

J/; f e Horn (A',B') , fe Horn (A,B) 0* - T 

: -i f Xf'eHom(AXA' BxB') 
(fXF) (a,a')-(f (a), f(a')) 

f g 

o— **A — B — *- G — »- o 

P g' 
o— »-A'— »- B' — »- C— 

fXf gXg' 
o— ^ A XA' — BXb'— >~ C XC"— »-o 



4-g 



JaL_J oyTllillj Lull ol.UuJI <>. JUI JJ.il <j1 ^jij y _ t _ r 



- B 



t. 



t 

B'- 



- n. - 



a_L_ m _8 



I, 



- B 



f ' ' 9' 



JsJIulT-Ui lijj Ijl i-b SJtL. <^UI jLJI *^ 




u*jr ^-'^ J^^>. jJaJI o&j UaU JiUI IL^i olT 

•• > 

. ol;>-* u**~^ |3,a - t 
• g ,f - r 

- feHom R ( A, B) o'j R J* iJJU. o'.Lii A,B,C u 1 J* ju _ o - * _ r 

: <ji t>*j> . geHom R (B,C) 
(gof)*-g*of* _ s 

(gOf)*-f*Og* _ y 

keHom R (6,G) , heHom R (A,B) q\ J>jL Si if 

(f+h)* - f. + h» _ r 
(g + k)* = g * + k* 



* * * 



- ru _ 



PRODUCTS AND DIRECT SUM OF MODULES 



^CJj c R ia »-ljJl UU-1- J* *-UU. oUUi LI*. (M,). ei 4><d 



iel 



nMi-{{mi) IniiGMi} 

r ay* I** ^ju. t h j* ja» riM, ^ 

iel 

(m, ), 6t +(nO w - (mi + mj^ 
X(m») lEl -(Xnii) )eI 
. R J* y iU .Ui nM, uUj; Jt-M 

iel 

prj iIlMi-^Mj 

iel 



prj ( ( rrij ) it( ) = in 

. j jjiUJi J,u-V: J^ 5 pr t Jb^' ^ fe*'** Jf- 11 o - 

( \ -a_r ) 

A> 5i g j :X-*M i ,(g,). £l oMfL^Ho.^W> Jfj X ^^Uifi 



x 



P 




. (Mj ) lel 4frU*J1 *U> ( P , (f, ) i£l ) < UbU 

: 

j^cjj ( pri ) lcI ^*rn Xei-p- iiU i p 8 nM. ^jjr iii ( Si^ 




g. x~* M. j ( gi ) w o^L'JI i_*U- ^ r js L LiU- .Ui X 

: jJalll wijjJ j 



h : x n Mi 

iel 



h (x) = ( gi (x)) ieI 



: b*i jTLU h _U 

h ( X* + ) - ( g. ( X x + jty) ),„ = 

( X g, (x) + (jl gi (y ) )ui -X(g f DO)w + ( g, ( y))ui 
- X h«) +t*h (y) 

• r <y i*,x dir u*j x a* y ,x uir 

: oV U 3 U ( t - ft ) J^l J** h 6^ 

(pr. oh) <x> - pr. ( hOD ) -pr. ( ( g. (x) ) i6l ) 
= g.OD , vxcX,vi eI 

P r i ° h - g, V * e I 
J»Ul J«£ k :X->- nM. >T jriU ju-j ; ^ h 0J» iUaT 

iel 

: ^_L>1 tft Dab ( r _ e ) 

pr. o k - g. 
- Y> - 



X 



17 M;' 



M: 



(pr. o k)(x) = pr. ( k (X) ) - gj ( x ) ^ 
VieI, v xeX ( k (x) ). - g ; (x) = (h(x) ), 

• fjj Jt l>Jt * bj& h = k Jbl; gfc, 

jJ <>. c^v f ; : P -*M , ( f.j iEl ^ l^JI ia^ ^"J ( L6 

: h : X P ju^j JT 1^3 

f,oh-g. vtel 

< p * nM. o\ pjjj 

icl 

: i*UM ( t-o ) J»Ul J. gi . pr; , X-nM. bail lil 

iel 




f ,° h = 

j;Ui ^ n Mi & j/xi ^ ^ 

iel 



(1) 

nM. jTi 

iel 




pr, o k - f. 



(2) 



koh 



prj o k oh -prj y i e I 
f ; oh o k = f; v i e I 

iel 

. P » nM. <^ rf1 h dlU 

iel * 



Hom R ( N, n M.) * n Hom R (N,M. ) 

icl icl 

6 : Hom R ( N , riM.) n Hom R (N ,M. ) 

iff icl 

0(f) =(pr i0 f) itl 
J6a»lU J.LJ jJalll . jyW -W*-^ J 5 ' 1 - 7 pr. u/^. 

6 ( f+g ) - ( P r i o(f+g) ) ieI - ( P^oDm + (pr,og ).„ 
- 6 (f ) + 6 (g) > V f,g eHom^N.rtM;, 

■ 3l 

J*rf *^JJ* f : N JIM. jTlilll ( gj e n Horn ( H,U x ) 

iel iel 

: Lby ( ^ . « ) iUi 

N, 




6(f)-( pr o f = ( gi ) |eI 
: gU, ae kcr £>& ) <S < ^r* & ^ uV' 
o=6(a) = ( P^oa ) UI 

« ( i _ * _ r ) fc* 




iel 



. Lli« a 
( T - *- V )*fc>M* 

i IsU i r j ( NJIM. ) ie^Jl t»U < L .Ui N jt J*jL 

iel 1 



. 2 J* t-il» «li»s U jLlcl ( ^fZc L*> 

iel 

6>>iel J».t a* mi«=o «^ u M. <>* ( a,. ) w 

iel 

« © m, -j j ( m. ) ^jtt; ^ui ^41 c 

in. : M. — *■ 0) M 

in. (x) = ( x, ) tel 
a*j * i - j ^ x. = x < i jJ & x . - o 



iel 



f ; : Mi -* C , ( f i ) ieI 4tU* CXk>i Jai* UJi UJ (M;) iEf 4JU*fl 



» TV. - 



•S g^Xnii+jJt n 4 ) - X 2gj (m^) + (X 2 gj (n^ 

iel IeI iel 



-Xh((m^ i£l ) + ^h(( ni ) i£| ) 

: Lfels ( ^ - o ) -laUl h ii'iT 

(ho in i )(m i )=h((m i ) iEl )=Eg i (m i ) 

id 

-gi(n»i) ymjeMj 
-*- hoinj - gj > V i 6 I 

jC* k : S -*»X >T jTlU ^ 4^1 < Jl»-j h £>l» 

k o in. - g. 

. h = k a* a-* ^ 
k ( ( nH ) M ) - k ( S inj ( mj_) ) - S ( koi^ ) ( ) 



iel 



is[ 



= 2 g i (m l )-h{ ( mi ). El ) 

id 

Jilj- .U. ( ©Mi , ( in. ) isi ) b\ Liuf aO-l ti» j J>tf 

• ( M i >„i 

...... (3) 

: liJj X» S bJU-t ^ 



hof. = in 





fi 



c 



: (4) < (3) J* *i 

kohof = f =t> koh t= jd ( . 



: Jtir ( r-»-r ) 



Hom R (®M, N ) « n Hom R ( Mj , N ) 

id id 

: ot-AjJi 

: Hom R { ,N)-n Hom R ( M. ,N ) 

it I icl 

- rvr - 




6 (f)-(£Mn.) fcl 

. ( T - o _ r ) i^jiJ i,.^ a* jl« 

V (gi)iei € II Hom(M ; ,N) 

iel 

is! 

: liaU ( \ Y - e ) J**»*M U j^i 




(h) - ( hoin. ). El - ( ^ ) U1 
: 6 U a ekcr8 »4 6^ 8 6^ 6*-^ ' 



°=0(oO " ( ao in ; ) UI 
( <3>m ; , < iiiijie] ) op (r-o-r) i*^ 1 . jj+R 

( »r-o ) ^ J </jUt jruui ju,, (M: )u, J 






ill <^Y- 



( r - o - r ) oU;*j<U I- { i , 2 ........ , n } i — i 'ij 

: J* If J* ( t-._r ) 

Hom( N , @ Mi ) » (J) Hom( N,Mi ) 



id 



1—1 



Horn ( ® M. , N ) « ® Hom( M; ,N ) 



it i 



- YVo — 



J-iaj x . : M — ^ M 6 f t>>j . R J* M ^ »Ut V> 

— j j 

it! 




h ( (mOiei) - E Tj (nij ) = £ m i 
UM -» J^/i' M o* 2M. v/* (Imh)h •JJ** Jj*^ 

® Mi-iM Mi o 

id M 

( ©— o—Y ) 

. R > M ^liM .Ul» ,y U> ol.U» leU- ( Mi)ui 
jJUfl OIT Ul (MOui X— J^ 1 ^ S M jl 

id 

_ m - 



. -kii ^JL. ^if IX J, ^Ti:- dUJJj UjU. j\ li^-la ^Ul 

(0-0- V) *Jtj** 

OU«aft)1 AcUaJ U>b t j-iU* U j^aw R ^^Jb M ^bJI ^UiftJI u j^. 

xeM JT AitS" Jsifl fcjj tf) M ^yifadt *L£*1 ^ (M. ) !e| 4jj*)1 
J?" J 0* m i = 0* W nijE M; o x = D m; ju>j« JUiB 

. joe Oli-* ' 

. olT JJ» lilj li] Tj-li h J^LJI j-iull 
M = lmh = £ Mi 

iel 

UI 

. CL. iJc 6 i (T» J^i 0* m. - o 

: kf-j X-£ m. 6lf li'j W ti^- h &J& dWiT 



iel 

2 mi - h ( (mOui) 



iel 



f R Jk M ^aUM s Uktf1 & 4Jj> oULai 4*W> l M ; ) UI cJlf UI 

: laistu <uut ll^ji o» 

(M i)itl «^U tJI «SM i (T 

ui 

Vi6l,m.= o < ( ^ r *XA i U$A m. eM. £ m. = o U] (y 



id 

- TW - 



. y i e I , m. - o 6 l »i( d _ • - r ) 
: x 6 M. n £ M. c|T 'li. (w) 

m ; + S ( — m. ) = o <=; x « iri; = 2 m 

x - o m. - o (jli ( V ) *• »v 

: dj£=v ^ £ m. „ £ n. 6^ - ( T ) <=j ( ) 

itl id 

: bJ « Vi e I , m. , n. eM 

i i i 

VisI m. — n . « £ ( „ -m ) 

< 2 M. Jl ojW ^ m. Jl ^Vl o >». ^ ^ 



. s$-f m. - n. m. - n. - o J ^Cj ( 



) J 



.lu^t R > M yilJ-l .1 iiJI <y ^.Lai A,B ulT .ty 

. AnB . {o}-» M - a + B i£ lii lilj Ii' M-A®B 



* * * 



- tva _ 



( * - f ) 



o^Tli^l a*l — j^, R Jp m ^lU-l .UiJi 4jt tfj, ^ 9 _ r 

: bj£> it. : M M 

j j 



( idM ; k = i 

( o k j 1 



o - r 



U* V* U>> jel jj <y Ttj (m ) 

2 (io« )(m) -m j ^ in e M 



tit ' -<r : I — »• I <^ t - o - r 



n m. » n M a(i) 

IeI isl 



jTic > ^ i J { i k) k =A ■> J r-o-r 

n M; « n , n Mi , 



NOETHERIAN & ARTINIAN MODULES & FREE MODULES 

M ( cM,cM . . . Jjulju »JL Jf jj a* olT 'i) ( Ma* o'.Uif 
. (vk^n)M t =M a n i /^ f j>. M o* Vi*H *^ , »titf a* 

yu. jrjc i^ur jcj isi ^JfeSi -U^±m js* «it m ^ &ur jy& 

gj? M „ T 



ySH-' -UiiJI <y M c: M,e M 2 c: Ijjfl ol.UUIj- •Jbljill 3JLJ > J-»* 

( v k > n) M K - M, n V «J» iJc J »\* 0*1 JJjI M 0^ U . M 

( V — *\ — . V > *J»ju 

*;! / ) Luj/r > M ^1 .Uill 6 yC 
M o2 M l2 M l2 i-JLL. sU- JT jj ^ U ISI ( m 6* V^ 1 ^k^ 1 a* 

uir ui ju 4ii M ^ iuar j^c 

(i-n-r) *>su 

a- 1 - JT ^ ^-i 'V ( V?J ) ifV M w*^ 1 »^ olT ii] 

- tAi _ 



•Ui J J\ Cx* j*^ 1 3 ■ M »UiJI t£i)l J» jJlll ^ Jijtf M 

. NcAcM Oj^i ^x^i M/N ^jli-l 
*La*J1 ^* J5* CjIS* li^ < R ^a>iyi AiiaJI T^aL. M ,>tf Ut 

. llxijl M/N j N $ of IS] Ulx a) 

M c Mj c M, £ 

M, n N c M, (lNc M t n N c 



- TAT - 



M K nN = M n nN , y k > n 

«y*Jr Jf u< iC(j:M'-*-M/N J/UW j^-k; ii-U 

: lij) M/N a* ^JJ*- *U» ^ M (>* 
ItN ( M ») £ W N ( M l) s icn ( M, )c 

: u in 3J* ^aI a*. jA 

tz u (M k )«TC M (M n ) , (yk^m) 

: y ^» p - max ( m,n ) J* jh~ 

( V k> pKJVtfc S M p , M k n N- M p ON 
7C K (M k ) « ic iV! (M p ) 

Oj£j xeMp y eM ( £»t J 9 ' % (M £ )-iu^ (Mp) oi 

: Q £ t it. ?i y- * f- tv.. t c^, M r ., A t f y - ^ N "Fr — "jj 

y-xeMJN-M rt NcM 

y-i-zeM y-.x + z=M s=> M t c M 

p . . • p c — p 

. M ^iltl .UuJIj M -M, bj^i M t cM f 6* U> 

- TAIT - 



^. u* ^ jb. jr ^ j^i 

; ui* X| x,,...,!, eS 4^. sue JT J».i <y ^ li] ( Jj-*. \ Uai 

2 X, x , = o^> X, = X, Xo-o 

I — .Li aiL-_, M J iJJ^. lij M J 1^1 S ^ J^u ^ 

• ( ij- ) 

♦ S JjLnJ&i^SjS M JT 4*13" ^1 Ja& UJj lij 4J Sucti < R 

^.«- j VxeM.x jS X, Xj <jl* M J 5J*li S cJtf UJ 

: . x^x,,...,!. eS 

n n 

x = S Xi = 2 a, x, 

1=1 i=1 r 

- TAt - 



11 

I 



2 ( Xi - [*! ) *. = O 



. S J J-e-j ^Jai- jf 

n n 
2 X ! Xi - O = £ O , Xi 

i=l i=l 

. M J SJtli s ^->' tft SMC— S J^b t cfc U-J 

( UU ) uu^u 

§ .T { c i"( l>o,o,... o) , e s - (o, 1 , o,...,o) e ■ ( o,o o, 1 } 

JLij*^ F a Rs oi-U, < I- ie.j*jZ S . i-Je-lj SiJU R ^5CJ . 

oja seS J J & (s) - o <j ^ 6 : S R .^li-kJI 

. S fe S ^-<l»U«}l jj* All* 

Yo_ f (o) ^*J» _ TAo - 



UseS) ( $ + $)<s) = 6(s>+£(s) 

(Xa)(s) = X 6(8) 

J-W s e S s** J-C Ji _j O f — f j f : S F J-kJI wiyJ 

: -J OmII f (s) : S -> R 

il ^jjf •ij s = t 
o s^lf ! i) t 

: bjf^i 8 eF ^ £\ arf 

8 (t) = Q (t) . i„ = s 8 (s) [ f(s)] (t) - ( £ 8(s) f(s)) (t) 
9 - 2 8 (s)f(s) 

seS 

1 — e^il dUuT « ( f(s))« s HH ^ F »liiJI u' U—- *, 

ui-» yteS «il ^> 2Xsf(s)=o : U*. ( f (s)) MS 

KCS 

Uw^ ai:-^ ( f (s) BES iej*4' <S^ Vse S , Xs = O <^ £ \ s f(«) (t) - o 

. F«R <S> Jb^ ^,^11 *UUJ (f (s))„es u J 0*-»H ^ ( ) 
.Sjt j»- ( F , f(s)) wlC.j S -.Uy.\j*- .U» < F juti 

R ts) J ^ZJ Ujua>! t^iuJiiJ y*fj3" j*i ttf C^*£ g:S-*M 



: ^ UTh : K M J*Jai« 

h(9) - EG (s)g(s) 



V seS h| f(s)) = 2l f(s)j(t)g(t) =g( s) 
hof = g 

h ' f - g 6/?. *~aw >T 5TU»- h' : F M c&j JU>j h cte ClUT 

h' (d> - S 6(s)h' [f(s)]»S9 (s) g (s) = h (Q) 



Etc; 



. -u>j h jru^jij h' = h Oi/hi^j 

- TAV _ 




M 



£»' l« j S rfy* M <y Jfr .Ui Imh oi 

. h j Im h - M 



o-h (6) -2 6 («) x»(») - 2 G (s). s 

eeS seS 



X, , Xj X 6 S ^* 



© J» J-Tli M o*>J R > f til* »U» M £>IT »i| 

UI 

. viel.Ra^wR c>i» ^J*' M J ..uli { a. :iel} 

- TAA - 



f. : R Ra. J~kJI iUi— r . M - © R a, J J* 

ui 

• l < ^ f. (r) - ra 5 - ; <>-U 
: Jdl J, ^lll Jl ( ^ _ ^ _ r ) 6 a j U. 

> Tj 9 " *^»» O 1 . »■ jri S o'j R 0^ 

J" Jr^ u* ^ f :S -»-F jJ»Jjj : R J* F >Lo» j* s 

O t <j ^ h:F-»-M a* ^ jTLU g :S M jJrf ^ R ^ M ^ 

. L'iU '( t -n ) 




F 



ii»jdl ^ »^jliJ» J***, U ' ( F,f) >jll» S > >' F «Uit » 

. ji-i .uuJi li* j^lj jiui <>•*■£* (n-n-r) 

: i JUI 

( A — *V — T) 

«L«*( P,f')i>yC»< s J»Tj>»L4* (F, f) otfuj 

. hof= f ^ »i^suh : F-*-F' ju>j JTW a>j Ja# UJj UJ S Jfc 1j» 

- TA\ - 



a — S J* j» *L« (F\f) U ( V 

• ( M = F Kail ) LUJ (r->\) i*Ul k • F F' 





: \jt h o f = P Oi* kof'zrf : $\ 

( ko h ) o f - f j ( hok ) o f =f 

koh = id F j h o k - i d ' v 
k o f - F h : F F' jl- j jT 12 k ,h ^ a 1 ^ 

: ^ T gU, ( hof= P ^ h ; F F' <jlf Jjj ( 1)6 

M V *U ^ jJ ^ S > A *L* { F,f) o ] U f=h-'oP 

. ( o - n ) iU« J 3 LJI ILil ba) 

V s J* y (F',f) ^ c^ 1 J - jo (h-'oP) = g <^ jof = g 
• t . joh-' b\* toP = g Ji* *Tlu t : F' — M ulTIi] 6 * J j£> 

[-ft jJlj J^j h toh - j <=t> tO hof = g <S=J> tof ' at g 

. t = joh-» 

- T\. - 



F / 

Atj+^j idj* it-jf U *U- ^j,*^* »JftliJt }jJ tj**"l 

: DUN i:* >U j ^ LJfcfct ( 

iUfctW AJjaJI 4&j»*lt -O iaJjH ^jJjJl 4fcjw*Xl ^ 

. M ^Uw» 

: ^u*^* 

B\{x) jl — xeB|G ^ (JT Jr l Cf o^.J O <= B 

: M J 

TI 

>. €'R-JTjB\{x} a* x,,x„ ,x„ uj^. -i^* 



1r-x+ £ (- \i )Xi =,o 

■■=1 

- • T . A 

. At •My* 

Xi,x 3> ...,x ^Ut^D-j; < 5-»*l» B 6^ '«i yeM\B j*J 
y = £ Xi xs^> i„.y+ 2 < - Xi ) * - o 

tJai ftilw. ic^ y » b o' <^ BU {y} J^Vj 

. Ukd 

: *_k>>u 

X — Ji:tl ^>;JI kid! F J**- 1 > V O'.Uuil j 

V J i JjJ ic B - T < » J *l» B — 1 

. v i U»c1 LU. w~.A h.j*f. b - r 

( w-n-t) Ktj* 

Ujjljl julpt aJ^Vt 11 c> M g^UUL^iJI 

♦ n ^^ jjttJ>I^R" J E ^»l^ JkMtoM OlTJai 

: jJalll o^ilj M J Xi , X! ,...,x b >>J / ^1/ 

: _i Jydl f . R" M 



- Y\X - 



f ( cu , a t , , a»)= a, x, + aa * 8 4- .+ a„ x„ 

(r_r_r ) c*jd. J~k> . M Jf R" J jTlis f <jl 
R n /ker f» Imf = M 
. f:R s -* M jrii:rt -yC* R"/kerf« M i& { kb* 
J^ij R D J p^y e ; *(o,o,... s li,o,.. ,o) 0^ ~f ) { c l ,<c t ,.,. > c a } 
. M J {f ( c x ) , f ( e s ) , ,f(e„)} 4^ 



- nr - 



. { (0,1) , ( 1,1 ) } J* RJ J yj, . i _ ^ _ r 

• z > j" <^ 1 - * Ui ^ z a- ; r j 'Jf at >jt-. r-n-r 

*TtJ F ,ij ^ *r*LU f :M -> M 6^ ^1 . r _ n _ T 
'il l*f . Ead R (M) UU-I j jLJI y^OI r UL ^ f 
^ r *lL ^ feEnd R (M) J M 

. jTu r J End R (M) iiiW j jun ^ 



TENSOR PRODUCTS 

: cj&ti> *u*ji 1 . v _ r 

(V(m,m'6 M) , ( y neN) f (m + m',n )=f ( m ,n ) + f ( m ',n ) 
{ ? m,eM) , f V n.n'eN ) , f ( m,n + n')«f / m .n)'+ f (m,r/) 
( ymeM) , ( yneN), (vXeR)J f(Xm,n) = f(m,Xn)~Xf(m,n) 
uU P j MXN J J^li** jOUrf f,g 6lT 'i] 4l1 ^IjJI ^ |j. 
^'i-j f P j MXN J jlU jJaS XeR Xf ■ f+g u* 

R J* Lju* L^:* .Ui p j MXN J Liiiil «^UJL» kyf JJCiJ 

,. S » L (M,N jP ) -i *) >^ 

o-v-t) ub/ 

*_ : n^)l R ia^lj U 3 L- JUL* Jp M,N u^ii* <>*UA) ^11 

' f •• MXN -* P jtU R > T ^ *U» ^ 4if}U (T,f) 

g f^xN P jlU jJj JT, R Jp p ^ju ,Ui jr 

-no- 



MxN 




T 

( N,M <>»L.*A8 jyJS *jL\ t {&U vijJ' T ^liU «UiJi 

, M^> N J»5i M ® R N -> *> >jjj 

( ) 

J>1 ^ C-j9«f :MXN M <£n ^Hk» JfcJtfjT - M ® n ^ 
jrU^1a»3i 'g:MXN^ P ^U*> J^Ju JTj R ^Jc P ^Sb.^ Jf 
* U»U ( T - V ) -UdyU «>*> ^Jflh : M0 N P j*>jft 



M XN 




i_ e> 4* > A > ! i/^ 1 ^ * T zy*, > ^ju 

: ,*Ut JJjll A »>• B ^ «Ui« i^fe, MXN 



( m + m\n ) - ( m,n ) - ( m',n ) 
( m , n + n' ) — ( m,n ) - ( m ,n' ) 
( Xm,n ) - X ( m,n ) , { m ,Xn ) - X ( m,n ) 

9 

MxN *— P 




J^l JL -_.lt J*rf f : MXN A/B J-k; 

• it ; A a/B JjlUII j^M jJwj < jjjUyi .1 ji.-VI i : MXN A 

. B JXJU ii> ^ di]^ ( LLi.1. ^L5 , jtU Ijl> f j^kJI 
j : A P jTt^lJI 4^ cjilMXN ^ ^iL. »L* A ^ l ? 

• ( I - n - r ) wijj^H &}->j j oi = g 

o' 1 J^LU j : A— P u ] j jTliJ ,j , A _ A/B ^ U 

Oj^:^ h : A/B-* P a^jTLU ^ (,) kcr 1C - B c ker j 

k o % o i = g hof g 

( o_V-T ) <tt~JU ^ (i) 

— nv - 



. ku-J ( v ) j** jTua h oi tfi 

: U 1 i>»> d3i5 y iiC < B c ker j J-] 

j[ (m + m' , n ) — ( m,n ) — ( m',n ) ] = o 
j[(m,n + n') - (m,n ) - ( m,n' ) ] = o 
j [ C X m,n ) - X ( m,n ) ] =* o 
j C (m,Xn ) — X { m,n ) ] « o 

: Jaii L*Ui>.| i»*~t> jjls.ll) j i>r*-^" w *j 

j I ( m + m',n ) — ( m,n ) — ( m'.n ] = 
j (m + m',n ) — j (m t n ) — j ( m',n ) = o 

i f J* j (m,n)eMXN ^UjJI jj,a> cm* *^ j h oi» iA)a5^ 

: *^JL h':A/B-#*P >T jTllJ Jie-j j| 

k5pf ~ §? hpf - g 

. h(,f (tn,tv)) , =*:.g (m,njt = h' (f^m,n) ) 

(x) -J f J~Ja-JI j*^ ^ m(x)n -i f J*j ( m,n ) Sj^-* 1 j-j- 

I — li<j m ^) -n ■s4*.& U If*--!. M Mgj N '<6UJk6j^ 

( v m.m'eM) f ( m + m' ) QS> n - m <g) n + n/ g)' n (1) 
( v n,n' e N) } m ®, ( n + n' ) =• m ® n + m O n ' (2) 

VXeR ) (Xm) ^)". =B m ® ( Xn) -X(m " ) (3) 

m >g) o - o Qj) n « o (4) 

HA.— 



(1-V-t) 

j 6 NJM ,> — Jii-I oU_,. ( b, ) i£ j < (ai)i.i oJlf la! . v 

. M(x) N J a. ® ■ b ^Ul £>U JUt 

( T-V-Y) 

< R 4*bl~tt 4ja>1^n 4ibJl aLib. jUL-ai M.N ,>f ^ 
a^i JfW a> j Jaitf UJj U] N M J vj****? ( T' , f ) , ( T,f ) 

♦ hof — f Oi^i h:T-*T' 



( l -y-r ) J^.ydl w- *j N,M J tfjj. »b r (T,0 l f ( ^ 

aj^-i w-^r h : T— *-T' a.*./- jT i^Jt g - f ' . p - T j»>lj 

; c$i L)aL3 ( t _ V ) 
hof = f (5) 



M xN 




N,M Jtfij* »V (T',P) u^Uj^-tf' 



- TV\ - 



-*.jH J? Li^l p - T iiti^j ( ^ _ v - r ) a-j 

: ^ L'alJ (o-v) JJ^ J*£ tfJJ k;T'-*T 
k o f ' = f 



(«) 




: 0^ £ :i t (6) J (5) t>* 
hokof = P =^> hok =» id T ' 
kohof = f — > koh = id T 

h0f=h' foUl JLC Ju»j jTlj h : T-*-T d »JJ^ (> fi> 

hof-f a-^j jTlx h :T^T' 6' <>>' ( Lb* 




P >Ui / o*i 6*1 N,M J tfij- »'Ju. (T,f) oT U 

^ j : T -» P a^j jT-LU ju.^ g : MXN* P ; 

j>« dUi_, ( 1-V) JJ^I »t2JI f-h -, of {J jof*g 6>^i 

_ f.. - 



joh" -1 o ft = j o f = g 

t ;T'-^P ulT >4 4 '*1 \}r » ia T ( T '» f ') Oj 5 ^. 

< t = j oh-i Uxt o t o i ' = g b jfa 

tof / — g j=> tohof = g 
t = joh" 1 j = toh 

(V-V-T) **** 

. R 4JAJ4jJ>b4i>> Jb<L«*i»oU-ad M,.M 2! -. M K £,1 ^>y* 
(jJtfjR ^-Jb T ^1^a»*U«5AJ1o*^il' (T,f) G^i"-*** 
: 4jU^tj»U JibrtiLhiJt^JU^ f:M,XM s x XM k ->T 

^ h : T P ju>> Jfl-£»~ J>jt g :M t X M,x— -XM k P , 

g = hot 

I 

O>J|l<^t^^^0»i»«t>*>ii (T' , f ) , ( T , f ) &\ yjPjfc — *7> j 

. jof— f : t£-au j :T-» T' «i_*>j JfW 
. jT U jl*, (T,f) J}^ 



ty-* R iLbU 4u»tj 40> Jb <L«*^ OHMi ^M,N , p oJIT U) 
M ® ( N ® P)«(M® N ) ® P (l) 
( .M ® N ) « ( N <g) M ) (2) 

: &u>jji 

f g 

(M®N)®P-^M0N <3>P-*(M®N)<g>P 

: dj& 

f(( x <g> y) z) » x ®y <g 2 
g(x ® y ®z) - ( X (g) y) ® z 

. z e P , y e N , xeM JcJi &&j 

(x,y)-**x (g) y (g) z . zeP .^sUll ^Ji * f »liiVj 

: o^-jll jTttdl JU.J, ii/UI 3U*jjll Jt% yJx j JlU 




M® N-+- M (x) N (x) P 

f z(x ® y ) = x ®y @z 

: (J..ia"H ju»-0 ^ 

(t,z)-* f,(t) 
(M <g) N) X P-* M ®N <g) P 

: jl^jJI jTULJI ju.^ ^1% zJt i jlU- j* Jj^ij 
f: ( M (x) N) ® P-*-M® N ® P 

: 6^ — 
f((x®y)®2) = x0y^)z 

J Jr^^ (x, y , z ) -*(x® y) ® z JL*.b g .liiVj 
Jtll j z j y j x 6* Jf j y»j (M ® N ) ® P^MXNXP 

g : M ® N ® P -^(M ® N ) ® P 

■ ■ • 

g(x @y ® z) - (x® y )® z 

g0f - id (M®K)® P ' f °g= id M®N® P 
( M ® N)® P«M® N ® P 



M (g) (N© P ) * M ® N ® p 

• ( * ) 4 { ' Ji -J 

: ( Le 

9 9 ' 
MuN »~N®M N)t ^ *-M®N 




: -* judl g : MxN-v N ® M J-kJI o 1 
g ( x» y ) = y @ x 

h:M®N->N®M 

*»(X(g)y)-(y® x) 
: «>«ll g' : NX M M @ N : J~kfl £,U dloT 
g' ( y , x ) = x (g) y 

h'^M® .M-* 4® n ^jji jr I -II j^j Jtl^ y, x J 



h'(yg) x )-x y 

hoh '= id N®M ' h ' oh - id M®N 

. jru h',h <>* *T 0' X*** f*i> 

uL-flR ^LbU feolj 3U> JL* oUUtf ^ M, N, P cJtf UJ 

(M N)® P *(M®.P) ®(N<g) P) 

• 

: c^jbjJi 

: _# jull g RXM M J-jkJI 6 1 
9 

RxM- »- M 




(0.. - si) JtM^ A 



? ( a x ) - a x 

h: R 0M-f M 
a (x) x -»-a«x 
: -i oud! h' : M R ® M : jJ*"J ol» 
h'<x)-l B ® x 

(h'oh)(a®x)-h'(ax)-i B ® ax)- a g x 
hoh' -id M ^li- ^.j^J h ' oh * id R® M ^ ^ 

. jf U h 6* Cf 
g. : R*xM M" J~ktf oi» ^1*^ 

g ( ( a t , at, ""Set,, ) , x )-(a,x, a»x a« x ) 

h : R" M-*- M" 

h[( at, a,, ,a.) ® *]-( aitX, asx, — , a„x) 

. h J c^Jf f 

(T-Y-Y) 

sL-rf R y»L3 4a*»lj ilA«*- £ &Sy* &I«U» M,N 6^ J° Ji 



: ^L»U AmJI^^F Jfe» J* fy^ «>Lii M,N 

dim (M ® N ) - din M . dim N 

J ;^L_ S {blj ,b B }fM J {a,,.,, UJ 

■ M(g)NJ; J *lS(j-i, 2 m>r = l, 2l ,n)a,® b, ^Ul jli N 



<p:M-»-M' , d,:N-»-N' 

<J> ® »}, : M ® N-*-M'® N' 
: UaU JtM LLil 



— My N 



for 



M ON 



(m,n)->* <p(m) ® ^ (n) 



4 



. M®N J 

«p @ i|/ ) ( m (x) n ) = cp (m) (g) <|/ (n) (7) 

(V-V-t) 

R <LbLitt 4jJo>)j\ Wart Js. M , M' , N,N ' <L«bJ1 o1,L*tf1 $£1 

<J, , , tyi e Horn (N,N' ) < <p , <p, , <p»eHom ( M,M' ) 

' d M ® = ld M £) N («) 

<p ® ( + ) - (<p + ( 9 ® ( 9 ) 

('») ( <p, + ?,) ® <|/ -( <p. ® + ) +(<pi ® <p) 0°) 
(N) <p (X) o = o <g) ^ = o (It) 

( a <p )<8) = 9 (g) a ^ = a ( <p @ ^) 
0*> T ^i if/eHomfN'.N*) < <p'eHom(M' ,M ff ) UiaUT 
,., ... M — ^_ M ' x n"» !fJL-3L_»>-MxN 



(1) 

(ii> 



1 r 



M @N- 



® ^ f ' 



2»»M ®N 



- {.A - 



(<j> 'Xty') ( <p X ^)(m 5 n ) = ( <p'<p (m) , J,' J, (n) ) 

. Vxn eM , \rneN 

: 6' 

( <p' Xi|/) ( <pX<J/) = <p'<pX »|/'4> (12) 

: ct < H - v ) J»fe*ai o* 

9'<p ® 4*' «j/ - ( <p' ® ) ( <p ® 4* ) (") 

f'<p ® - ( <p' ® 'dN ) ( <p ® /d N ) (14) 

■J 7 g ( x . y ) J^ 1 t>l • 4^ g : MXN P 6^ c>j*f 

jJ»3 J| g Jl — dl, xeM JT J — r l j«^PiN 
d\ i j-Olj . x ^Ui g J^f M Horn (N,P ) 

cp : M -* Horn (N ,P ) 

: Llia»- IlJkJ «_> ,*j 

( K,y) <p W ( y ) 

jj-jj MXN ■»•? iJli^.1- olL.Uj| s 4*^*4' oj; J*l*j J^-ji 
Hom(M ® N, P) <jwj S Oji Jjl*" JU-ji dUiTf Horn ( M , Horn ( N , P)) 

jjjuji jryi iljj dye dim* Uhjfjii «)jui a yjj u*i >i ^ diii, 

: JL_:JI 



(15) Horn ( M N , P ) « Horn ( M , Horn ( N, P ) ) 

f g 

M' ~* M -»-M* o 

f®l g®l ^ 

M> ® N — *• M (x)N M* ®N -*~o 

f g 
M'-#- M M* -»- o 

: Ulrli £>tt ( o . t _ r ) J^j j 

Horn ( M> , Horn ( N,P )) Horn ( M , Horn ( N,P) ) 

Hom( M',Hom(N,P))-*-o 

. u ^iJU- »ua p c>T J*jki Siij 

: JLIlsU (15) jTyi SaUz-VV 

Horn ( M' ® N , P) Horn (M ® N,P ) 

Horn ( M ' (§) N , P ) o 

. {{ r-t-r ) £-L>) a** 

: 2i* jdt 1 Lit ( • - i - r ) j 
M / @ N -* M (gi N M' <§> N o 

. * Jf 
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ALGEBRAS 

: 6j.*UL Aj > R J* 

AXA — *- A 
(x,y)_ *»x.y 

(VXeR) , ( y x,y eA ) : X ( ) = ( Xx )y - x ( Xy) 
! <J* *^ J* tH* * V-r^ 1 ^ i^L-il Sfjx^ U*J*iJ 

. DaU a j -vi* t»IT lj] tJ*L> A jl\ uj^i - T 
. v-r^ JbUc ISJ ta>.lj a j^l — r 



^jJlTj tlJb-ljj lat.*^ j-i-l of? 1 3} t A Jfc^ 6>^- J — t 

< 1 - 1 - O JU» 

. R Jf C aljt*V' Uyf o\ • 1 

End(V) i-cj-^i u 1 ' F JiH uff* V • Y 

. A jj R j jC-JLJI i>* j£J + -j bj-j I — i,\ 1:* .^jUJI Ji^ 

4 i)V julii j-^JI i yj K A jJli-l *U»a« A xUl y^i-il O -> > ./ 

J*U uUjj Jj-JI <>*j J* j v \ ^^aH 

l.x=x, O r .x=O a ,r O a - O a 
x.O A „O a - O a .X 

• R Jt A j^: 1 J* x 6&" Icr* &S*j 

( \ _ \ ) Ju j*j 

ijjjll i iiU J* A ji-l «>• B SUU-V afiM-?^! "u yJ>\ b/Z> 

- «n - 



^ jfr A Cx* B ie ->*^ uj^ 3 'A *)jf-; o' ^ 

: Jrii lilj lij Li Jr 

(V X,{AeR),( V X J £ B) , Xx + fAyeB 

( V x ,y eB ) , xy eB _ y 

*l — ^ ul» ? R A jji-.l t>* Uj*- ic >*f S ^1 

: jui* 

A 2 = {x.y | x.yeA } 

( T - \ - i) aujtf 

B LSji-l i*,^ u>^> < R *JaLJI jJ! UU-I J* A cX tij 

: ji-l 111 jLjJI (y» Dll. A (>• 

. A (>• T-Jj*- .Li> B cJlf li] - \ 

xsA <j!f ^- ifUi, x.y e B tfl A.B c B 'ij - V 

. yeB 

: juJI ^ *) tJL. A ^ B SJji-l ie^i j^JCl i^ll- iij^L 

. A ijr* Llio- t-JJ»- B lij — ^ 

TV- r Co) j-JI - (W- 



W*> xe A OIT W- d — y. x e B <^ ^ B.AcB ^ - T 
JuJj jUJt & A -J L-Jt- B lij A B uj^ 

• A tj* {J } ^ *La* B — $ 
. A. Be A dUiTj B.A cB - r 

• a <y <* J jr j* a j:V b Ji:tt ^ -k*^' 

: E iiUll UUJI ifcUJI a J* . jJ-l 

xEy «=> x ~ y eB 

JfJI <v»j B u-Uu y jiliaJ x ^JSj x— y (mod B) Uu_:* J^Jj 
xeA J wUl yj . a J* >1P ii^e ^» E iftU £f 

ei — * >i If * + B jll I -| j^l, 

. A/B >j»l 

:-»*l«Uj A Jfi E jttfcii 



x E y <s=> x = y (modB) <=s> x - y e B 

2S » y _ x + y 
B B — B 

A i B J ~~~B~~ 



vXeR 



x_ y_ __ x . y 
B * B — B 



x ss x' ( modB ) 



0* 



_ , => x .y ■■ x' . y' (mod f i) 
y^y'(modB) f 7 v ' 



x == x/ ( modB ) <=> x — x'eB 
ya y' ( modB ) y — y/eB 

(x-x') yeB J , D 

./ v ^ J => xy— x'yfeB =*> 

wc.y ==x' y'( modB) 
A/B £rf ^AjJJ R 4*bLi>b <ubJ1 A jj*U UU* B ^ UJ 



m - 



-* W*j R > ^ .Li. A/B i>\ ^tjjl ( y 

• dJW V UI <y ( ,_ r _ r } 

■ « 

x y x.y , „ 

b i ' ir eA/B 

BU t b)"B • B + B ' B - V 

V F ' jf ' F 6A/B 

* / 2 + i. \ — x y +2 x ( y + z) 
5v B B >J"~ J" ' ~~B § " 

x-y + x.z x J ^,x ; z_ x y x z 
B == B" t "B~B ~B + B"*r 

' B B / • B = B~ + T 
V ¥ ' f 'I e A/B, 



- U. - 



* ( B B ) ( ^ B • B ) 



B 



tc A— >-A/B 
x— ► x/B 



ic(x.y) . = ^ £ = ic(x) .* (y) 



- Y 



■ A/B £jtf-l > A j^fl JjHXH j*iH J-la3 

*5»j Jb £»y~J < R 3-bUI1 WV^J1 <uJb«Jt JfcA UUaB tt» 

. BcNcA C~awAJN cAJtat 

: 3t J"4' o 1 . BcNcA O^C ^ A j-*JI Uli« N ^ 



N/B 



n 



neN 



: 6^ &h A/B c >i ^ 0* ^> 
A/B a* ^Sj* ^j^-»Li». A/B - * 



. v n/B , n'/B e N[B — f 

n _n[ n.n' N 
B " B "* ~B~ 6 ~B 

. f(N) = N/B j^Mj N/B 
& ( v-r-r ) i^jil <j UL*j! jfi Si, ^li ^^t, «>Lu f 

P-{|- | xeX} 

• B <$J*J A j^JI Jli* X t» l jt* 

: (V "A ) , ( V xeX ) - T 

•g- . -g -= -g— 6 P =t» a .xeX 

• A J: *J! i^X tit tf! 

jj^SL\ ^ f J Ji**__; . r ii f j~k)lj f(X)-=P £»1 ^a* <yu 
. BcNcA j>C A J oUli! J» w j^iUJl j*iJl j~kJ 

N/B A/B c >l ^ o« ^ }*■ s*- $ 

. BcNcA 



Homomorphism of Algebras j$-+>M JfL£? ((.UO 

jJdl Oj<i < R iJaL-dl iJ^I jll * Jli-l Jp {j\ j*. a,A x £»t u° Ji 

: 6iT 1*1 Ax 4 A J ^TLtS f :A Ai 

f(x+y) « f(x) +f (y) ^ v x >yeA 

f(Xx) = Xf(x) f vXeA 

f(x.y) « f(x) .f(y) ' 

K < Tj-li f lil 5»TU5 v-ij tjLL. f 6 r lil *TL5 f ^ 

Ui ^lij ^rijj f:A-^A Jflidl ^ A-A t utT IS] 

: ^ A a& fiA-^A, JTI^H Sly u> 
VxeA , yy e ker f , f( xy ) = f(x) f (y) = o 

f(yx) = f(y) f(x) - o 

. yx , x y e ker f 6^ 
■ £>' $ Aj i>* ^ •Ui Im f <jU iJlS X^li <>. 

f(x) ,f (y) = f(x.y)elmf 



A/krrf « Imf 

J_Ja:JI J^Uj B c ker f A Dili B aSCJ 

5 : A/B — Im f 



-j£ — *- f(x) , xeA 



( V x , y eA ) ( v X.JJieR ) 5 ^ ( X ^ + ^ )= 



Xf(x) +,xf(y) -XC,( 4 ) + t*C(#) 



B ' *» v B 



kerf 
JoT f -R- ,J 4J 



,M ker f « Imf 

g:B-+C JTU; f:A -^ B £,1, R > ^ AA C of ^ Ul 

(gof)(xy)-g(f(xy)) =g ( f(x) .f (y )) = 
g(f(x) ) . g(f(x)) . (gof)(x) , (gof) (y) . 
Derivation mappings JK£l*V» OtiuJtf ( o . 1 _ $ ) 

A ^I.Utf Jp JTLI d: A _ A ^ R ^ ^ A . t ^ 

d (x.y) - dx . y -f x . dy , Vx,yeA 
JlELVIjlu,-, a ^1 > Jli-V! O'JJJ fc^l Dcr(A) u ?J u 

: A > ( r J»j»j^jJL;i ) jTljj 

(d+d')(x) - dx + d'x , d )d 'eDer(A) 

( C - \ - U ZjbjyA 

:d&*~*> R ^ ^ Der(A) <R Jfc A C>M>f 

X(dx)= (Xdj(x) 

: dU>jM 

CfjJA ^l.litf JTU dl+d , 6 U d lf d f6 Der(A) *1 » 

: d, +d,e Dcr(A) ^ 

- It* - 



( d t + d t )(x.y)-d 1 ( x.y ) + d t (x.y) 



- d, x.y+ x.djy + d,x .y+x. d 2 y 
»(d 1 x+d 1 x).y +x(d 1 y+d f y) 

- (d t + d t ) x.y + x . ( d x + d, ) y =t> 



d t + d, e Der(A) 
adi)( x,y)- X (^xy ) - X ( . y + x. d,y ) 
- (Xd t ) (x) . y + x ( Xd,)( y J *=> Xdi6 Der(A) 

ItjjJM U> <y -f*. % R J? V* 1 * Dcr (A) 6l 
i> Ju aJ M iAlij (^^f j-o- Der(A) ^i-l a* 



(djOdtXxy) = d 1 (d,(xy))-d 1 (d,x . y + x.d,y) 
» d^ d,x . y) +d l (x.d t y) 
mm d t od, (x). y -f- d,x . d,y + d A x . d f y + x . (d^d,) (y) 



Dcr(A).D er(A) — *Der(A) 
(d, , d t ) d t o d. 



. djod, ^Der(A) i>V 



^ (d t odc)(x) . y + x . (d^d,) (y) 



(1) 




d (e) = d ( e.c ) = dc . e + c . de 



=> dc + de . i=> dc mm o 




^iU-UUiB 5o»U ( e , ) J»juj A J* Uai tl-Ls d: A-*- A 

: A >l 

d ( ej . e. ) - dej . e. + Cj de j 

. A J» JlcH A £> l 0*-^ 
Vx,yeA , x - 2 a } . , y - 2 p, e, 
d < x . y ) - d ( 2 *, Ci . E cj ) 

-Ea, pj<Me 5 e.) 

■J 

- £ a* p, ( de; . e. + ^ . d Cj ) 

- E ( a s de } ) p . ej + 2 ( a, ej ) p } de, 
a dx . y + x . dy 

ydeDer(A) 

(2) d» (x. y)- 2 (J 1 ) d'x. d n - r y , yx.yeK 

r=o 

• (2) n= 1 Ux* 

d(xy)-dx.y+x.dy 

- try - 



J r ■ fJ* l f*^ J* o'^J k "* n J?' (2) J*J& 

( k=n+ l 

d""" (xy )=d(d° (xy ) ) 
-d(E ( n r ) d r x.d°- r y 

r=0 

- 2 (?) d r+I x , d"" r y + E ( ") d r x . d°-' +, y 

r=0 r=0 

-d^^x.y +°2 (?) d r+, x. d^" r y + 

r=0 

i 

2 (?) d'x . d"- r + , y + x. d 0+1 y 

r=l ..' 

-d»+»x.y +2 [(?_;) + (?)] d r xd°- r+1 y + 
x.d°+»y 

«d" +1 x.y+£ ("r 1 ) d'r. d^-'+'y + 

r= 1 

x .d B+ 'y- s'Od'x.d-'+'y 

.n u^W* ^r* k-n + 1 Jr^ 6* ( 2 ) 0^ 

I — j&j a a* ^'jr «^ A J* d tfl (jl 

^ d; JUfclNI Jlji < A a» V> lr*- ^ * <i 

x,y * kerd uif '»» &Jl> i» J-»UVl ^ ^ .Lai IfV a 6* </Jr 



d (x y ) = dx . y + x .dy = o =»> xy e kerd 
-UA- 



: J*U» 

[ d x , d f ] a, diod» - d a od, 

. A J* JlEll 

• y ) - (d^d,— d i0 d,)( x.y ) 

- (d,od t )(jE.y) — ( d 2 od,)(x. y ) 

- <M d iX.y + xd t y) '— d, (d,x, y + x,d iy ) 

= d^d^x) . y + d a x, d,y + diX.djy + x.diod 2 ( y) 
-djod^x) . y . - d t x.d,y - d.x.djy- xd,od, (y) 
^{d^d, — djodiXx) .y +x . (d^d,- d t odi)(y) 

. d t od s — daodjeDerA j 

jJmX ui>J f IR-^R^C" JljjJI xr A J>A - T 

, JUcLI d i>] a* • f cp-^ f >i d:f-*P 

UaUU^jJI liU-l x ^jjjt** o^yM ill* A ^ _w 

: i>^J . R 

D : R[x] R[x] 

D at JS»«^ < jr J, 6- . vneN,D(x n ) - n x"-» : -* t» y*. MTLU 

.A JU£l 
, R UiU iu.-lj ill* Jp j j A <J°j*>, - *- 

- m . 

i 



I, • A^ A 

I x (a) = x« — ax yaeA 
JiUI JU:^I A > Jlidl i, d : jutf 6 jC 5 

<|> : A B ^ R iJ*U»j i^lyl Jlli-I J* ^ A ,B £,! u^ji; > 
: olf lii <p Jii--VI Q : A B ^U-l J-kll ^ . ^6 jTls* 

yx.yeA 6 (xy) - (x) . <p (y) + <p ( x ) . Q (y) 

j — * I : A A ^ I olildVI y» A i clildVI o\ 

. A J* JiUaU jJaJI 

<><Jj f : r_ r t q- JlyJI ^ A /,0 <p - JLdV! £ JLtf" 

: (j> jTl^ll < B-R 

<p :f-*- f (o) 
6 : f — F (o) 

: 'Jo*' 

( f g ) - (f g)' (o) - P (o) g (0) + f (o) g'(o) 
- (0. cp (g) + cp (0 • (g) 



6 ( xy)-<j> 6 A (xy)- (p( 6 A x.y +x .Q A y) 



-cp A x • (p(y) + f (x) 

- 6 X - <p (y) + <p(x) • Oy 

<p jl — cLVi ^* 8 B o<p o|» B ^ 1*13^.1 $ B lit if.ll* UtJLt 

. B J* 

Uilil iji-l JJU jLjtf fJt ill ^JU) J5U J jl-l 

S *JU- Uyf Jp A 

<Y-1 -U umjiiI 

J J-Jw f if] j i R Jp A < Uli J£6 S C>\ u*ji* 

J*B j:r Jf «>* ! *ls > Ur (A,0 • a 4 s 

J*Ul J^e tfjjij h: A -* B JU-jJi jTUUM ^giS-'B Jfj R 



B 




(A,f) o* H*. S > /■ /> A jl i&Jyiji UaU (M-t ) 

xeA (X ok' '»1 *> • j5 ^* A j-V 1 a* S J J_>*' 

x *~ £ a x i x x i, • x i r 

i 

• x i s > • x i, eS ^ 

imf W *H S ^ J?*** 3 ?* J* 1 ^ A ' f) ^ u l 

♦ A jJy 

A c)' ft . f(x)^f(y) J x 7^y <j->^. ^ x >yeS ^CJ 

ji* jjj g : S — C,R J» I- jj — r C J < S J* j» 

: U.J uj< : » g(x) ^g(y) 

h(f(x)) = g(x) =£g(y)-h(f(y)) 

. ^U. f jJ^lj f(x) f (y) <j1 i'-^j 

j^. JUI JaUl aitJj Imf -j JJjll A & ^ B £<J 

J ^IDI ,>Ui jJ»J t a o^lf B j Imf J aLJI jJ»J x <j^i 

S J* f A J U v x eS > f+ ( x >- f < x > -i <>*- f + : S — ^ Imf j A j B 

: ^ h : A B J** U3 



hof = T of + 




: - 1 S&J j» k= TA oh ^ k: A — * A J-kH o 1 

kof - ta ohof = ta otof + 

tAoh— k = i d A 

. A Jlj Imf ot tft ( B-A ) ta J ^ 

( V- ^ - C ) <U*Vj>jN j*« 

I j> 1jj> (A'.D O^X. S ^ &j»*U j* j*. (A,f) i>1 

. hof- f ' A*** h : A — »- A' ju>3 JTU* J>i Ja** tttj Vtf S 

U~ f .Mj*fl - ITT - 



. s 

j'jrt \mj S - { Xl , x a ~x n } «jl u^^j i-fL. S i^l J£tf 
j If S 6- ^ ^y^ 1 S* ^ . 6 U>II L*^ jp 

X, Xj Xj Xj x g 

v > u+*r ^ui ^jjy TjlSj;^ s* 



g : S —*- B 
x, b, 



CYC - 



lj # — h . UjL^ljS* Jp ^lU •LiiT R<S> ulfl 

I = { £ x 1,,.... f r } JlaVI J" x, -x^ x; f x i r UfT 

: JWI jl^jI! ^ISC R<S> t>» ^ale JS <^li 

f" E <X] x i (i) 
<xieR f I - { i, , i f) £,} i&M oLllrdl J* ai-£ j,**. 

; _j JLu fg <jU R<S> a* JA 
fg-Sa,p J xx J 
(1) i s**& X; folk dAlij R< S> i S ^ 

t d& U — c U yWl ^Lj i = i itf li] aiMl i^L ^Jij 

JP B>*. is-Jl-tU-5g ^ f S J* fj* Tjto. R<S> 

•JJ-H B £ S* J tf^Vj- J 5 " 1 ^" Ji **£ lj* c# R 

»Ui R<S> 6^ B 4 R<S> J 4 — fj jj^. JTUJ sJ u 

: -i R < S>-* B jTlilJI U»j S* J* 

. I - { it , i 2 i f } Olf li] b, = bi bi ....... bi & 



R<S> oi» <>^ a- Ul> S cJlT ISJ Ll LfeLs ^ ^ R £x] 

. Xj x, ^ x 8 JaU 
T ensor ofabgeb ra B \>#*U *Uarf1 A - 1 ~ * 

^JSfi crj^_, r Jp A,B aJii-l Cr»Lo4« A ® B tfjJjtl .141 4^1 

• R J 6 1> A (5) B Ji' 

X« : A — ^A , X, : B — *• B 
a —v x.a b — y .b 

: ^ © X Vl e End R (| A ® B) 6] 

(X,, (?) X yi )(x 8 @ yi )-X Xl (x 8 ) ^ x yi (y,) 

~ *i *i ® y, y 8 

. uUTIa^ tfj^i .141 ^ .bljU j^k, dlij 

- m - 



(2) 



A X B — End R ( a ® B ) 

* : A ® B End R (A ® B ) 

: — i jum 

4»(x t y.) = Xx @ Xy t 

: *Jbl A <g B J* ci> 

(A©B)X(A(g)B)-*(A @B) 

( Z , w ) — * Zw = d) ( Z )(w) 
Jj^'j <j>(z) e End R ( A ® B) Cjj^'. oUUi jTlii $ J 1? 

<*i® YiKx, ^; y! )=cJ»( Xl © y l)(Xa ,g) Tf) 

-(X., ® X yj )(x 8 ® y,) 

• J** (2) <$t 

: ^ r ^^i^ijn^ijbj^A^c^^jjb 
- irv - 



(i) (A © B) <£) C«(A G) ® (B ® G) 

(ii) (A ®B) ,g> G « A ® (B ® C) 

(iii) (A ® B ) * (B ® A ) 
(ix) A ® R«R ® A « A 

o*> o*i tiii-\ oUliiM 5JU <j o»l ji-l »i* Je b»j; jj) 

> f (ii) J* b» Cfjr- (2) i vjj^JI U/ ji^ iilJ! O^T^II £|I 

<f>:(A®B) ® C— ^A<g)(B C) 

: «j1 a* 

<p [ ( (*t <§> Yi) ® zi ) < <** ® y.) ® z« ) ] = 
«pj[( x i ® yi)-(x a ® y«) ] ® (ZrZi)) 

•pjW. ® yx y,) ® (z lZs ) ] ( x, x,) ® ( y iyi Zl z,) 
= (x l x l ) ®[<y t ® zj.cy, ® z, ) ] = 

= ® <y* ® *i>] [ x . ® (yt ® z «) ] 

. (2) v-r^ 1 V* ^ ^ 9 £>' £ ! 

Ol-I-O **** 

: ^ «ij4l6 B : B -<» A ® B, G A A— *- A ® 3 «%8 s ^ll f >1 



• Oj^i (Jf Lbu< IftA 

• R J^j^" A(g) Ba_Jy6 A (A)UQ B (R) -1 
yxe A, v yeB , A (x)0 B (y) - 6 B (y) A ( X ) -X 

: 1^)1 ,JU» (g) £jl 
(x t ^ yJ-Cxg (x) Y,)=x J x t ® yi y, 

J r ^>" o R , e A 6- *r tH 

6 A (x) • B (y) = ( x (g) 1 8 ) ( i, ® y ) 

= ( X .! A ) ® (i B -y ) 
= x y 

e B (y) -6 A (x) = ( i A ® y ) . ( * g) i B ) = 

-(1 A x) ® (y.l B )-x ® y 

*» * 



.Ai I oUUll Ss^* Jp 5Jjo- iftU ^» ^ SfrJIj l l£ l 8 ^IT 

U»j a J i x n i 2 ( l t +i t <y o.U I, , I, e I & >*i <aUT 

_J dUi cr* ^LJ {I lf l t } J ^^11 JaVlj >Vl u'^l 

Nilpotent ideals SjiH <U>U* oLJUtt |«.U( 

fjXm* 4 — it as A ^ro^Jt J ( F J* jto- A 6^ u*j^ 

a k -o J*£ k aJe u^~i-> < k aJe J».l a k = o <jlf l»J i^lM 

U* I,*-o olT lit fydt pJU* a J I t 0^ .a J 5 j*H 

;^5tl fU^i 5>.jJb I t k=o J«£ k ji-ffl £ < k aJt* J»-T 

■ deg Ij -J *J >j;j 

Radicals U - 1 - * 

wJujyi J* p,q i p-jjJI (>• <y»j-u» Cfj^& x»yeA 6^ 

p+q 

- S aix i y p+<l - = 

i=0 

p . p+q 



: ul» ^iT ( F a 
(xy) p - x p y p - o 

: 0^ ^lj>l (>• . radA 

rad (radA) = rad A 
J A/ rad A ^jU-i «j! 

d-J Jt»Vj x k 6 rad A <t= ( / = o 6 f ^ -^- eA /radA 

(x k )« = x kI - o => x e rad A 

: Uljl, SfcUl *j> # ^ ^ „ o at tfl 

rad ( A/radA ) = o 
fJ j« Jb. radA at 0*jr*j t n jt-ij Cl» A ji-l a* o 1 c#l J* 

dcg ( rad A ) < dim ( rad A) + 1 < n + 1 
oi» ^ 4 *L. JT of ctDi & gjj r adA J Socli Ci> Cj .... tf3 
i^l i — itl < k - max ( deg ei ) L* > i jti 5^)1 e . ;a*li)l 

: j&ji ^ j* ji^i u ^ ^ jr t , ( radA yk 

*l k l €j k 2 e r k r 

: Jj^i 

ki + k, + — + k r = kr 



: & J*. ^ cSf' e^-o 
( radA ) kr = o- 

ijtW p-W radA if\ 
m <s ,>u J — J jj* 4ll radA rfj* (■'•*»» I *TJ> s 

( radA ) m -( radA r +l (5) 

(radA) - - ( rad A) m + 1 - ( radA + 1 = - - 

( radA )" = o 

dim ( radA )■ > din ( rBdA) m + 1 , m < s 
:i>ttfl dim (radA) jf * 6^=^ 6^ *-l £> J i^V 

deg ( radA ) ^ (dim radA ) + 1 + 1 

tPji-j ji ^» xeA i£ ; y r , - A * 1 ^tj* 6* Jr* ^ 

: tfl n + l 

dcg x < n + 1 

A^o u&j {o}=£ IcA tJll. i£ M\ A j^-' dj^i 

- ur - 



1 *» x~ l x e I 
F-F.icl 

aeA A'^feo If • -r o^ A J £^ u*Jr^ 

: dj*^ eeA 
a , e =■ a (4) 

: (4) a* . e a = c c3 0»J»i 

a ( e 2 - e ) = ( ac ) e — ae = ae — ae = o 

. c 2— ce N a tfl i J r *l«jl & <$f* e 2 — e J tft 

. e 2 *=e m^j Na=« J ^UJ Na ^ A J&* Na £>t Is 

*-**J I e #° a-aeel e (jl U . A <>* U T^ole xeA 

: tfi lu5Cc d)Ju, I - A 

y e A y^luW Ja** J»-I x ss cy . 



4^1A ijj^BJj . xel, o ' X — x . e iftkJI xeA jolt 

. >»- A J* 1 <S*\ x x" 1 = x- 1 x = e J^rf x~ l eA 

Totally reducible algebras LIT 3J>*sJl j^aJV 1 f — 1 — I 

tJ£- a i I ^ J^ 1 !il Jj^ ^ a ^ ^ 

A = I ® i' 

I . I' - { x.y | xe I , y e V } 

: J ^L, x.yel' dlliTj x.yel 6 1 

I.I' cinr-{o} x.y el nr - {o} 

: bJ I i tJU- J ulT >ii 
J.Icj .J.I'cLI^o 

JLii j' J >yJ . a i it- j «>! J j.a^j *1 jtJV 

: A j J J JJC 

A-J© J' 

l = j® (inn 
- w - 



Semi simble algebras 4h**«J1 jjOeH |(.|»( 

or- 1-0 z^s* 

: rad A J JJCU ^ttt B ^ 
A -rad A B 

iii^-j iAjj*. j.o\± fSjiH Bo'f« <iU B « A /rad A jt U 
J^L^ B «jf ( \r-\-i ) oJI 6* • B l > J^b >^ <j* 

■t)J» radA c'^l ^-ja k ✓>> o- (radA) 2 6 T <y> ^ 
a — t\* radA (radA)*- 1 Mil g^j ( rad A) k = o 

: 6j^=»i ^? J J*£« J£» 

(radA)*" 1 © J - radA 

: JGWJI bo) C)j£>j 



( radA k - J ) 2 _ rad A" = o 
J . ( radA) k -l = o 
J k ~l <=(radA)k-lnj = e 

( radA) maI (2.k-i) » 

: (rad A)*-l 
( rad A) 2 - o 



rad 



* * * 



- cn - 



1 - i ohuW 

aeA ^Ul C(A) <>& R Jf ^ A Ut-t 

olT A Jj* C(A) (>*jt . A <>• j^Lft JT 

C (A) . A Cj* </sr C (A) &jt ^ A 

• A jT r 

A'M G(A) J A J* JlfcLI GjJ^A6lc>yf Y-^-t 

xx" 1 = x- 1 x = e 

: u'j xp(p>i) d pj, 
( xp )-» - ( x- 1 )p 

J 6*Jf x p v-M b >j 

Q (x-p) = - px-p-l $(x) , yQe Der(A) 

: t>l A jji-l 0* yJ> >r B 
: ±f Z( A ) £ C A <x) ul, A a* G A ( X ) - 1 

- UY - 



C A (X) - { y eA | xy = yx , y*eX } 
Z( A)-{ yeA j xye yx V xeA} 

. G A (Y) S C A (X) £,1 X £ Y oiT lil-t 

. XcC A ( C A (X)} ij^j Yc G A (X)<»Xc G A (Y) - T 

. BnG A (B)-Z(8) -i 

X c Z (A) G A (X)-A - o 

( <j>:B— »~A J°J».j> R JP JJfT Afi,C o<3 o-\-t 

J* d»jt <f» (°) S G A ( <p (B)) u^C ^ O^THS <fi :C A 
: J** : B @ G A *f j j^r llJ 3 ->r-> 
6 (x®y) _ <j>(x) 4, (y) 

. yeC < xeB 



* * • 



LIE ALGEBRA 

Lie Algebra ^ jj> 1 - T- C 

: UUJt J» J-r iW * mi 4 jjllj Jfp- lil *Jl F 

(1) x*x . o - S 

(2) x * <y <Z ) + y * ( Z# x) +z * ( x *y ) - o 

♦ * <>• Mi» [ , ] -> Ji» <_> jiJI ULJ Ulc 

1 

Ul*T>* e 1^1 *~ J J: s** >y»j - t 

cjVdAli, L^{o} 0lT !*i J-»«l— U*j < e.s 0tf a. U*j e*e-o <>j*C 

: ^ilU^ll jfclull (i) ^ias _ T 



' 3 > **y - - y»X , Vx,yeL 

: a** 

;x+y)*( x+y ) = ^> 

X»X+X»y+y # X+y # y-o i=> 

x#y+ y.x -o 

. (1) jJu J*, s£)i3j 

• (l)^ (3) o$ 2 cjc laic F Jii-l > olT 1S1 - r 

O - Y - C) JU* 

^ LU L-ill G JiUl ^ ^ ,U. M (a>lll (G) - t 
M 1+ M,» M L . M, - M» . M, 

J — **" Jfj n i-Jjll <>i iaijll oUji^il U(n,C) fcyil _ ^ 

— {©♦ — 



-!> B £ J> t F Jill J* j^Bol^-^ 

: 3JLH 

VX,yeB , [x,y ]- x. y - y.x 

: dWij B 

yxeB , f x ,x ] = o _ \ 

: Cjj^. V x .y, z e B __ r 

[ x »ly,z]]+[y ,[z,xJ]+[Mx,y]]-<> 

[ x , [y,z]]= x ( yz — zy ) — ( yz-zy ) x 
= xyz — xzy — y zx + zy x 
[ y , [z,x]]=[ y , (zx -xz)]-y ( z X -xz) — (zx-xz )y 
- yzx — yxz - zxy +xzy 
y]] = 2 .(xy — yx) — (xy-yx)z 
= zxy - zyx- x yz + yxz 

: £**4I L-ill v J-5JI o.U ^UuT 

[x, [y+zj] = [x,y ]+ [ X ,z] 
.[*. (y + z)] - x . (y+z ) - (y+z).x 
= x.y + x.z — y x — z.x 
= (xy-yx)+(xz — zx) 



- [ x, y ] + [ x,z] 

[(y + z ),x ] - [y,x] + [ z,x} 

End(V) ie^il £>l» F Jlfcf .U» V ulT - a 

: iJUW ijU ^i,^ ^JUij l r U r ^ . F Jp 

[ftg] = fog—gof 

♦ r ui xf 1 g L(V) -i 
y>« UoJ iuJl 1^1 l a* s UjW fc^l ^ J jS ; 

: & * 

S » Sc S 
: x„x t eS alf W*j x 1J#Xl 6S tfl 
S , S - {x |x - x x » , x, eS } 

</jr j^- <X ^J- 1 ij*- < / — - ; . s > jjii^au l--jv 

. gJL(V) r UI jJL) ,5. 

x „y - o oif I i] J*-kLi L J y~ a* x,y ^ajJI jfZ* 

L„L = {o} 
- UT- 



LUJ^_ ( 1-r . t ) Jill j L </ ^ jJ | ^ _ j 

: L <j olT Jaii lilj lil 

x . y - y .x 

v Jc . F J. ^ .l^i v - r 

V, * V 2 _ o , v V, , V s eV 

Ideals of a Lie Algebra ^j^> OUUji f — Y — C 

r U J5C^ ^ ^ Li j* ^11 ^ i^JL JULI 

: ^IT til ji-l liA Ul^ L ^ B UjJLI 6> <J 

: J tf' B,L cB -r 

b*x 6 B , v be B , v *eL 

: ^Ji ^ s 6 I u. 

Vx,y 6 L ,(x+y )*(x + y)-o 

x *y = -y*x 
B # L - L,B 

. Oli.L, fo } L J <jU£» ilU* 



: j* L/B -j J Ull. B ulf ^1 

L/B-{|-|x e L} 

: Ji ^ v US sJ j-5 

x_ jr _ * «Y 
B * B - B 



x x' 



x * y x' ^y' 



/i B B 

B ~ B ] 

L J yli:- I n J , 1 + j ^ uji L jJl:- 1 , ] ii| 

: ^ 

I + J= { x + y |xel , y sj } 
1»J= { Ex i# y f |x,el , y,ej } 

j-i" i— ill* *^ A (j* Jli^.Vl (J-ia3 lit- U» jt 

: Jfc* ^ d :L — ^ L : J r l-tf j* L J» d JUdV! {,[ 



d(x #y ) -dx *y + x*dy 
Jc oliii^H Scj*f ^ y Der(L) ut SJUJI oil* jil .£* 

( 1 _ Y - O 

(4) [ Der L , DerL ] c DerL 

VxjeL , [d, , d,l (x # y)-(d 1 d s -d t d 1 ) (x*y) 
-d.d^x.y ) -d t d, (x,y) 
-d,(d t x # y + x *d,y )-d 8 (d,x*y+x *d,y) 
= d,d 8 x *y+dix»djy + dj x # d 2 y+x ^d^y 
— d 8 d t x*y — d,x *d,y -d,x*d,y -x,d,d,y 
= d^x *y - djdjX* y +x *djd 2 y x*d t d,y 
= ( did, — d,dj )x *y + x*(dd t - d s d,}y 
= ( [ d! , d t ]x } *y + IK d 3 ]y) 
=> f d 4 , d, ) e Der(L) 

<t-t-U 

[ d, , d 8 ] = did, - d z d t 
^iC^UUt Ujil [d„d a ]eDerL J^ylWLii DerL oi 

- Ceo - 



(5) [(dj + d 2 ),d,] = [di,d 2 ] + [d 2 ,d 3 ] 

(6) [ d 3 , ( d a + da ) ] = [ d 3 , d t ] + [ d 3 , d 2 ] 

(7) a[di ,d2] = ladj , d, ] = [di , a d t ] 

(8) [d,d] = o 

(9) [d 1 ,[d 2 ,d 3 ]] + [dg.tda.di]] + [& t ,[di.**n = o 

i.i.H J s j^j J 1 Jd» (9) < (5) J- a'jr 1 

[ di + djs , d 3 ] = ( d a + d^j ) o d 3 - d 3 o ( dj + d^ ) 

= d t o d 3 + da o d 3 - d 3 o d t - d 3 o dg 

= ( dj d 3 - d 3 d t ) + (d,d 3 -d s <) 1 ) 

= [ d lt d 3 l+(d 2 ,d 3 ] 
[ dj , { da , d 3 ] ] = d t da d 3 - d t d 3 d 2 - da d 3 d x + d 3 d 2 di r 
[ d 2 , [dt+dt ] I - d 2 d 3 di - d, d t d s - d 8 d L d, + d 4 d s d t 
[ d, , [ d, ,d, ] ] = d, d, d 2 - d,d 4 d t — d, d, d s + d 2 d,d 3 

jJb^i Inner derivation mappings JU^M! 

-con- 



adx : L — »» L 

y x*y 

s** ]s 6* L j cjjtf J^ 1 * adx *J >jr 

. xeL £>tf adx 

: iJa* <j^*> adx t>' 

adx { X 1 x 1 + X 2 x«) - x * ( -f X.*, ) 

* Xi(**»i) + X,(x*x,)-X l adx(xi)+ \t*dx (x,) 

adx (x 1# x s ) «■ x#(x,»x l ) - - x^Cx,** ) 
— x» *(x # x t ) 
. (x^x^Xj-j-x^x^x,) 
= adx (x^**, + x,*(adx)(x s ) 
=*> adx e Der L , VxeL 

DcrL J yKi* Inn L $ 



V adx , ad y elim L , (adx + ady)(z) - (adx ) (z)+(ad y )(z) 
- x *z+ y m z _ (x+y}»z- (ad(x + y)) (z) 
( Xadx )(z) - X ( adx) (z) - X (x* z) 
- ( Xx)* z = (adXx)(z) 

:fd,adx] elnnL q! 

[ d,adx](y) « (doadx — -adxod)(y) 
'- d(x*y )— x *dy « dx, y+x„dy— x *dy 

- dx *y = (addx) (y) 
DerL/lnnL Jj*- j£ti $t j^S^i DerL J ^1. InnL 6' I* 

Norraalizcr and centializer jjf ^UXI o- _ Y — { 

6- S j£\ jfJI ^Idl^i^ f l J j-*- a* t$j». T xr s ^50 

: ^ N L (S) . ; <l >j.j L 

N L ( S ) = { xeL |x*S cS } 

: L 6* <y> N L (S) o ! 
V x,y =N L ( S j j (Xx+(Jiy ) *s - X (x *s)+j*(y *s)eS 

* 

(x.y)«s--((y*s)*x ) -((s,x)*y) 
=(x*(y + s)) - (y ,(x # s)) gS 

, ^uu s ^ u;u s»n l (S) 



Cl(S) - *5 >ji- tfillj L ^ s Vir J*^ 

: J, if J/U 

C L <S)-{xeL |x *S~o} 

<yjr j^r g l( s ) £>f pk^ 1 31 — e- j>» ifi!* ii^k ^ t yCt J 

. L Cf 

: Ji ^ j. Z(L) - f J >^ L jT r 6i» ^iAUT 
Z ( L ) { ie L |x $ z B o, yxeL } 
Jaii Ulj lil Dili L ajSCj L J ^U* 2(L) <j'i U-1 U 

. Z(L)-L ulT 

. G L (L)-Z(L) J UJ Jm-^C 

adx ( S)cS ^ xeL ^»UJI le ^ N L (S) 

a dx (S)-{o) u^i xeS ^UJI icj*f ^ C L (S) <jU dJUoT 

<p:L -+ L' ,^1 J-kH u^i ' J l ^ L, L' 6* J» & 
f(x*y) » <p(x) „ ^> (y) , vx.yeL 



yeL o' <J*>j cp(x) = o 06 '*! 4 — ^ L J Kercp.o' 

: 

<p <x*y ) «<p(x) * cp (y ) - o 

* J " t*. 9 J^LU «/ uj* J u^f-> • L ' *>* -r» Im <P *i 

i> ] b^i ker ? ^y^- ? ^^L^ 11 Oj" U l tf 1 Kercp 

L/I £>l jXV £ L jf* x/I JU^t I ^ <¥ 

(o- r - o 

L / kercpwlm <p L '> L ^ ^Jt* 5 J**-* f : L — »-L ' £>1 - t 

^ . L/I— ^ L' ju>j JfL£» J>g 4314 kerf LJLJU* l£>Wfc)* 

♦ yblJ Jttl Jafa»l1 J*aw 

L cp L' 



\ 

L/I 

L/I J/I^H IcJ L J tCi^ J • 1 OWttj-y 

. l/j^jh^cl/i) /(j/i) ^ur 
: cpL jouu* j,i 6»a»-> 

a + *i / ( in j) 

Vju g L (V) -i j*i UiT Iblj < F JiH Jp l^- »Lii V olT 
i_JU i-JL)t S $j V Jf VM 1**4 End(V) 



- ; L|!!!I)!|B| 



[ f,g] = fog -gof 

ju-^I r lil Jlil_, . <p ; L— ^ g L (V) J^Ll-» >* L J-j4- J^*:H u 1 

ad *.L — *■ gL( L) 
x — adx 

DcrL<=gL(L) J ad Sjj-» . adx (y)~x*y ^ 

: iljar Ji* ad •iA'jT 

[adx , ady ] (2) = adx ady (z) - ady a dx (z) 

= adx ( y # z) - ady (x #z) 

— x»( y*z)) — (y» (x#z)) 
= (x •(y#z))+(( x#z) # y ) 

= ( ( x*y)»z ) 

= ad ( x »y ) (z) 

gJZDj (yyeL) ,x*y = o ^-f: xeL j-JCjR adx = o 



krr ad = Z ( L) 

J JJfr J $\ ) tL-j l ulT li| : iJtll JL.U1 i^l u- j^ij 
ad:L-*gL(L) yltfl. Z (L) = {o} <jU ( L j { o } ^ ^ ifji-l 

. ^ jTi^ u^ji ^ jr ^ i JUj *r u 



* * * 



[ x,y ] = xXy VX,yeL 

c^j. . ( y,x o^i' «/r-»^- i » ,J Jr l y X X y ) 

• <y'ir j:T j*- adx J iJijji ol^t jJ^ll L <>• »Liill, 
L^J ^ L/I-6' A j Jt* I ^j*. l <jt uiji r-r-i 

. A j oliUdVi *Ui D(A) u^j j*- A £>t voji, -y_t 

: Ji $ D(A) j aJW v >» 

* v Ur D(A) £>t - » 

-f J*»t* <p : A — (A) jJaiH ^JCJ, A <j* j*; — Y 

• 9 1 Jj^r J^te cp : x— »- adx 

- <1t - 



Polynomials in n indetermiinates 

J r t a 4 a a -o Oj^i ^ A .r*^ O* ( a ,a M> . ,a„, ) *JeU 

: < ^r* aJc uj 3 <x^N 

1 «= ( l,o,o,.. ) , x- ( o,l,o, ... ) , x a - (0,0,1,0,.. ) — 

: Jt ... , *„ , — ) ^j-^ 1 

Eat* 1 

2 a j X| ... x B 

•Xi,flii>...<X » 

. j^lj Jjjf j iayJ-l ^.j- 3 Jj^j 

: t>y»Jj L-xJaW al-uYI a- ( ai, a 1. -a. ) 



I * I = OCi + Ota •••••• + a, 

*^ eN °. a+ p-(a 1 + p 1 ,a i + j5t, ,ou+|3 n )eN n 

. O. *u 0j» jUJ Uij^- ^ (a„) aeN » 

(a a )+(b,) = (a a -fb„),aeN 
: jjUl iJiU ; r j R[ X) ,x 2 , ,x„ ] <y jJlj 

_P-(-a«) iajji-l ^» P=(a„) is_,Jb4 v *JUl < iy^JI 

G -( G v)Y6N a V 1 ^ 1 ^ ' £fc>3*» Q.-(ty ) , P =(a.) 6^ »>> 

c v = £ a.bp 

«+P=v 

niJ n O 1 ;*^ 0^ ^ — r^* ' (bp), (a,) Cf 5*T 0^ l« 



I a I > n j^l \<f* a«- o 

yl A->H * \ y \ >a + n t ^ cr-o iiJii u^Jj 

(\> a — ~ J 5 ^ 1 J* itfJj^ 1 a^-o ] j I Y |-| a |+| p I 

t — -wjjjj tJaUj L*^ vj^jjl Oj^iJ < R-P.Q, Uxft ^Clj 

0> f R i U ^1 >l j>. > ^ ^ L-Jl 

^» < iili !jc a, — o , a-"(o,o,— o ) a«-l dj^i ia^l 

^,1 l«r i) j^- J Ji*-* — J . l a) y>jj ( Jbl* j^ve 

♦ u>u» yii ^u^b <u,>u 4h*>ij 

R[ X! ,x t .,x B ] ^R T-T-< 

f :R— »- R[x ljXl .., x, ] 

a - ( o,o o ) lil a « = X = f (X) - ( a, ) 

a # ( o,o„—, o) jjf |^ a« - o 

-i v\ - 



> ft f J.1L 4U fJ R[ Xl ,x a ,... 5 x D ] otaylJ UL> j 

: ^ (a.) <y Sityl s Jjjtl XiO-l 

a -(0,0,... ,o ) j|f |i| a, =XeR 
. dJi lj£ lei a, - o 
: R 4rt;> UyS. JXU 6j ;UL R [xj , x a ...x n ] >jf 

R X R [ x, ,x a ... x„ ] R[ Xl , x, x, ] 

Q,P)-^XP= (X.D.P 
■ R > ^ ^ ^ R[ x 1)X8 ... x n ] itll\ 
: Ji IT (a « ; a 6N n V 1 ^ 1 ? (i=l,2...,n)< Xl isjal-l ^ 

a,-oj,-a,-i i>yC ^ a-( ai , a„... a n ) ~ilT ti| a„ - 1 

> ».U Luj P ^ 3 ^y, oVU ., j a .^ o 

P - S a.^ ai x a a »...x B a « (2.1) 

« R J* R[x 1>Xjf ... x B ] oU^ (X|) cIajJlJ-I vfc j( ae N")a i 

- nv - 



a t +aa+...+a n ^ a, x,* 1 x 2 a V. x a » 5 ?J jU ^ ^ 

Ol^ji jf\ degP H yj> p ioj^t ^ o 1 I a | rf' 
oiiTlii degP-sup| a I O^ 1 *-W jt*j P J&j ^ olx^j 

tlegP = — oo £li P - o 
. i^l-L. P 

P - E A, x n » 

iej 

. R[ x^,.. x„_ t ] a* A, t N o 4 ^> J ^ 

(p : R [ x t , x, ... x B ] — *► R [ x lf ...,*B-i][*. ] 
2XU. j R J* R [ x. ] Oloj.xJ-1 iiii- jJw (p 

i-itu- R[x] ^ yi-i oi» k^** R -^1^ ' *1 ^ f*>j 

- HA - 



uli *«k* R[ Xl> . ...x.-!] UlU ^j|r Ul di'i kla-lj 

dcg( P + Q.) < sup(degP .dcgQ,) (2) 
Peg PQ. < deg P + deg Q, (3) 

<ieg(PQ,) = degP +degQ 

P-S aa^'x^...^ 010 , Q, « E b„ Xl a ' Xl <x V..x n a '' 
aeN" a eN n 

p-dcgP , q — degQ. 
L-ai* b«- o ^ I a | >p l*-^ 6 a„ =0 wi/^l ^ 

I a |>*ttp(p,q) a«+b a = o J J-Uli* r^_) | a | >q Oj^i 

• (2) J* ,J * 

: J^ 1 > Q..P 6- 
P = P + P, + ...+ P p , Q = Q, + Q. 1 +... + Qs 



. j . ,1,2, q< i = t,l, .., p Jft <>* v?JW 
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